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MOTIVATION

Stable matching between colleges and applicants, based on scores on the
entrance exams.

This stability notion is based on the Hungarian college admission
scheme. There are n applicants A = {a1,a2,...,a,} and m colleges
C = {c1,co,...cn}. The set of all possible applications (contracts) is
E. Assume that each application e = a;c; has score s(e) (an integer,
1 < s(e) < M) which is the score college c; assigned to applicant a; on
the entrance exam. Each college has a quota.

Each college c; declares a score limit ¢, and each student goes to the
best school where she is accepted. The score-vector t = (t1,t2,... 1) is
valid, if no college is oversubscibed. The score vector ¢ is critical if for any
1 < 7 <'m, the new score vector (¢1,t2,...,t;—-1,t; —1,t;11,...,t)isnot
valid for college c;, or t; = 0. We call ¢ stable if it is both valid and critical.
A contract-set S C FE is score-stable, if there exist a stable score-vector ¢
such that the set of realized applications is S.

CHOICE FUNCTIONS

We will describe the preferences of each side in the market with choice
functions: Set function F : 2% — 2% is called a choice function if F(A) C A
holds for any set of contracts A C E. L.e., when the set of possibilities is
A, the agent picks contract-set F(A).

e A choice function, F : 2¥ — 2%, is substitutable if (A \ F(A)) C
(B \ F(B)) for any A C B sets of contracts.

e A choice function, F : 2% — 2%, satisfies irrelevance of rejected con-
tracts (IRC), if F(A) C B C A implies F(A) = F(B).

e When contracts have scores, the choice function of colleges, g, is
called loser-free if any rejected contract has a lower score than any
accepted contract.

For a choice function F : 2 — 2% we can define the so-called determi-
nant on the same ground set. The canonical determinant ot F is defined as
Dr(X):={elee F(XUe)}. Here, F(Y) =Y ND(Y) forevery Y C F,
and D r is the minimal such function.

STABILITY DEFINITIONS

Consider a two-sided market, where the two sides have choice functions
F and G. There are various ways to detine stability of a contract-set.

1. A setof contracts S C E is dominating stable (or pairwise stable), if for
everyx & S, x ¢ F(SU{x})orx ¢ G(SU{x}) i.e. one side of the
market doesn’t accept x if it is offered alongside S.

2. Subset S of E is three-stable, if there exists subsets A and B of E,
such that F(A) =S =G(B)and AUB = E, ANB = S. Pair (A, B)
is called a three-stable pair, and S is a three-stable set.

3. Subset S of E is four-stable, if there exists subsets A and B of I/, such
that ANB = Sand Dx(A) = B,Dg(B) = A. We call the (A, B) pair
fulfilling this property a four-stable pair.

EXISTENCE AND LATTICE PROPERTY

Statement 1 If F and G are substitutable choice functions, a dominating stable
set may not exist, but three-stable and four-stable sets always do. If G is also
loser-free, there exist a score-stable set.

We can define a partial order on contract-set-pairs,
let (A",B') < (A,B),if A" C Aand B’ O B.

Theorem 2 If F,G : 2% — 2% are substitutable choice functions, then three-
stable pairs form a nonempty complete lattice for partial order <. The same is
true for four-stable pairs.

For choice function F, let S < Sif F(SUS’) = S. If F is substi-
tutable and IRC, this gives a partial ordering.

Theorem 3 (Blair) [1] If F,G : 2% — 2% are substitutable, IRC choice func-
tions, then the dominating stable sets form a lattice for partial order <.

If 7 and G are both IRC, the dominating stability, three-stability and four-
stability are equivalent, so Blair’s theorem holds for each of these notions.

Theorem 4 (Generalization of Blair’s theorem) If F and G are substi-
tutable choice functions and F is IRC, then the four-stable sets form a non-empty
lattice for partial order <.

Theorem 5 If choice functions F and G are substitutable and G 1s loser-free,
then the score-stable sets form a non-empty lattice.

CONNECTION BETWEEN STABILITY NOTIONS

We say the market is simple is there is only one possible contract between
a given student-college pair. So, the underlying graph is simple.

Theorem 6 Suppose that F and G are substitutable choice functions. The im-
plications between stability definitions can be described as in the figure below:

o If F and G are IRC, then three-stability, four-stability and dominating
stability are equivalent.

o [f F is IRC, then every four-stable set is three-stable.

o If F IRC and G is loser-free, then every score-stable set is also four-stable.
Furthermore, if we require the market is simple, then score-stability is
equivalent with four-stability.

o If G is loser-free, every score-stable solution is three-stable.

In the notations, 3 stands for three-stable, 4 for four-stable, d for domi-
nating stable and s for score-stable sets.

both F and G are IRC one side is IRC F and G may not be IRC
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The solid lines denote implications that are true even if the market
is not simple. The dashed lines denote the extra implications when the
graph of possible contracts is simple. For all the implications that are not
showed in the above picture, we can show a counterexample.
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