More Than the Sum of Its Parts

Compact Preference Representation Over Combinatorial Domains

Joel Uckelman






More Than the Sum of Its Parts

Compact Preference Representation Over Combinatorial Domains



ILLC Dissertation Series DS-2009-12

nTa
Eud

INSTITUTE FOR LOGIC, LANGUAGE AND COMPUTATION

For further information about ILLC-publications, please contact

Institute for Logic, Language and Computation
Universiteit van Amsterdam
Science Park 904
1098 XH Amsterdam
phone: 4+31-20-525 6051
fax: +31-20-525 5206
e-mail: i1llc@uva.nl
homepage: http://www.illc.uva.nl/


mailto:illc@uva.nl
http://www.illc.uva.nl/

More Than the Sum of Its Parts

Compact Preference Representation Over Combinatorial Domains

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de
Universiteit van Amsterdam
op gezag van de Rector Magnificus
prof.dr. D.C. van den Boom
ten overstaan van een door het college voor
promoties ingestelde commissie, in het openbaar
te verdedigen in de Agnietenkapel
op vrijdag 11 december 2009, te 10.00 uur

door
Joel David Uckelman

geboren te Carroll, Iowa, Verenigde Staten van Amerika



Promotiecommissie:

Promotor: Prof. dr. K.R. Apt
Co-promotor: Dr. U. Endriss

Overige leden:

Prof. dr. J.F.A K. van Benthem
Prof. dr. G. Dari-Mattiacci
Prof. dr. J. Lang

Prof. dr. B. Lowe

Prof. dr. F. Rossi

Prof. dr. M.J. Wooldridge

Faculteit der Natuurwetenschappen, Wiskunde en Informatica
Universiteit van Amsterdam

The work comprising this dissertation was supported by a GLoRiClass fellowship
funded by the European Commission (Early Stage Research Training Mono-Host
Fellowship MEST-CT-2005-020841).

Copyright (© 2009 by Joel Uckelman

Cover design by Matt Kuhns.
Printed and bound by Ipskamp Drukkers.

ISBN: 978-90-5776-203-1



For Sara






Contents

Acknowledgments Xi
1 Introduction 1
2 Languages 9
2.1 Introduction . . . . . . ... ... 9
2.2 Notation . . . . . . . .. 9
2.2.1 Propositional Logic . . . . . . ... ... 00 9

2.2.2  Utility Functions, Goalbases, and Languages . . . . . . . . 11

2.3 Related Languages . . . . . . . .. .. ... . 14
231 CP-Nets . . .. . . . 14

2.3.2 Penalty Logic . . . . . ... . ... . 16

2.3.3 Weighted and Distance-Based Logics for Cardinal Disutility 18

2.3.4 Propositional Languages for Ordinal Preferences . . . . . . 19

2.3.5 Weighted Description Logics . . . . . .. . ... ... ... 23

2.3.6 Boolean Games . . . . . . ... .. ... L. 23

2.3.7 Valued Constraint Satisfaction Problems . . . . . . .. .. 24

2.3.8 Generalized Additive Independence . . . . . . . .. .. .. 25

2.3.9 Coalitional Games . . . . . .. .. ... ... 26

2.3.10 Bidding Languages . . . . . . . .. .. ... .. .. ... . 26

I Theory 29
3 Expressivity 31
3.1 Imtroduction . . . . . . . . ... 31
3.2 Preliminaries . . . . . . . ... ... 32
3.3 Related Work . . . . . . .. ... 34
3.4 Expressivity of Sum Languages . . . ... ... ... ... .... 35

vil



3.4.1 Goalbase Equivalences . . . . . ... ... ... ...... 35

3.4.2 Uniqueness . . . . . . . . . . e 36
3.4.3 Correspondences . . . . . . . . ... 43
344 Summary ... ..o 49
3.5  Expressivity of Max Languages . . . . . .. ... ... ... ... 49
3.5.1 Superfluous Goals . . . . . . ... ... ... .. ... ... 51
3.5.2  Goalbase Equivalences . . . . . ... ... ... ... ... 53
3.5.3 Correspondences . . . . . . . .. ... 55
3.5.4 Summary ... 56
3.6 Oddsand Ends . . . . ... ... ... ... ... . ... ... 58
3.7 Conclusion . . . . . . . . ... 59
Succinctness 61
4.1 Introduction . . . . . . . . ... 61
4.2 Preliminaries . . . . . . . ... 61
4.3 Related Work . . . . . . . .. ... 65
4.4  Succinctness of Sum Languages . . . . . ... .. ... ... ... 68
4.4.1 Some Basic Succinctness and Equivalence Results . . . . . 68
4.4.2 Equivalence via Goalbase Translation . . . . . . . .. ... 70
4.4.3 Strict Succinctness and Incomparability, by Counterexample 71
4.4.4  Strict Succinctness, Nonconstructively . . . . . . . .. .. 74
4.4.5  SUMMAry . . ... 79
4.5 Succinctness of Max Languages . . . . . . . .. .. ... ... .. 79
4.5.1 Absolute Succinctness . . . . .. .. ... 79
4.5.2 Relative Succinctness . . . . . . ... 86
4.5.3 SUMMATY . . . . . .o 88
4.6 Cross-Aggregator Succinctness . . . . . . .. ... 90
4.7 Conclusion . . . . . . . . .. 93
Complexity 95
5.1 Introduction . . . . . . . .. ... 95
5.2 Background . . . . .. ..o 95
5.3 The Decision Problems MAX-UTIL, MIN-UTIL, and MAX-CUF . . . 100
54 Related Work . . . . . .. ... 101
5.5 The Complexity of MAX-UTIL and MIN-UTIL . . . . . . . . .. .. 103
5.5.1 Hardness Results for MAX-UTIL . . . . . . .. ... .. .. 104
5.5.2 Easiness Results for MAX-UTIL . . . . . . . .. .. ... .. 109
5.5.3 The Complexity of MIN-UTIL . . . . ... ... ...... 111
5.5.4  Summary . . ... 115
5.6 The Complexity of Collective Utility Maximization . . . . .. .. 116
5.6.1 Summary . . . ... ... 121
5.7 An Alternate Formulation of MAX-UTIL . . . . . . . ... ... .. 122
5.7.1 Revising the MAX-UTIL Decision Problem . . . .. .. .. 122

viil



7

5.7.2  Horn Clauses, Logic Programming, and HORNSAT . . . . .
5.7.3 Finding P-Complete Goalbase Languages . . . . . . . . ..
5.74 Discussion . . . . . . ...

5.8 Conclusion . . . . . . . ...
II Applications
6 Combinatorial Auctions
6.1 Introduction . . . . . . . . . ...
6.2 Auctions . . . . . . . .
6.3 Bidding Languages . . . . . .. .. ... oo
6.3.1 The XOR, OR, and OR* Languages . . . . . . .. ... ..
6.3.2 Goalbase Bidding Languages . . . . . . . .. .. ... ...
6.3.3 Succinctness . . . . . ...
6.4 Winner Determination . . . . . . . . . . . . ... ... .. ....
6.4.1 Notation . . . . . . . . . ...
6.4.2 The Winner Determination Problem . . . . ... ... ..
6.4.3 An IP Formulation of the WDP . . . . . . ... ... ...
6.4.4 Branch-and-Bound WDP Algorithms . . . . . . . ... ..
6.5 Heuristics for Winner Determination . . . . . . . . ... ... ..
6.5.1 Expansion and Branching Policies . . . . . . .. ... ...
6.5.2 Heuristics for Positive Cubes . . . . . . . . ... ... ...
6.5.3 Heuristics for Positive Clauses . . . . . . .. ... ... ..
6.5.4 Heuristics for Cubes . . . . . . ... ... ... ... ..
6.6 Experimental Setup . . . . . . ... ..o
6.6.1 Principles for Generating Realistic Data . . . . . . . . ..
6.6.2 Data Generation . . . . . .. ... ... .. ...
6.7 Experimental Results . . . . . . .. .. .. ... .. ... ... ..
6.7.1 First Solver . . . . . . . . . . ...
6.7.2 Second Solver and CPLEX . . . . . ... ... ... ... ..
6.7.3 Comparison of Solvers . . . . .. ... ... ... .....
6.8 Conclusion . . . . . . . . .
Voting
7.1 Introduction . . . . . . . . . . ...
7.2 Background . . . ... ..o
7.3 Multi-Winner Elections . . . . . . . . . . .. ... ... ... ..
7.3.1 Some Methods for Committee Election . . . . . . ... ..
7.3.2  Similar Committees Need Not Be Similarly Preferable . . .
7.4 Simulating Voting Methods Using Goalbases . . . . . . . . .. ..
7.5 The Complexity of Deciding Winning Slates . . . . . .. ... ..
7.6 Extending Single-Winner Voting Methods . . . . . . ... .. ..

1X

133

135
135
135
138
139
139
140
145
145
146
147
150
154
154
155
158
159
161
161
163
166
166
171
175
179



7.7 Future Work . . . . . . .

7.8 Conclusion
8 Conclusion
Bibliography
List of Symbols
Index
Samenvatting

Abstract

203

206

222

222

223

225



Acknowledgments

The first person I wish to thank is someone I can’t identify by name: whomever
wrote the course description for my high school’s freshman speech class. This
course description was so frightening for someone who disliked public speaking
as much as I did that I decided to fulfill the speech requirement the only other
way possible—Dby joining the debate team. Somehow it escaped me that this was
not a clever way to evade the requirement; instead of giving five speeches in a
one-quarter course, I spent every fall and winter Saturday giving speeches. .. and
kept doing it for three more years, long after I'd fulfilled the requirement. Our
coach, Bob Galligan, (who possibly wrote the scary course description) introduced
me to philosophy, and debate was what convinced me to major in philosophy at
lowa State University.

In my second semester at lowa State, I had the good fortune of taking the
introductory logic course from Bill Robinson. We did natural deduction for
propositional and quantifier logic, with one lecture at the end on modal logic. 1
was hooked, and Prof. Robinson graciously offered to do an independent study
course with me on modal logic the next semester. Later, he (and my friend, Josh
Kortbein) encouraged me take the two-semester mathematical logic course offered
by the math department, which put me on the path to becoming a logician. Roger
Maddux’s math logic course opened my eyes to how much I didn’t know. I'm
grateful that Prof. Maddux took into account that I was a non-mathematician,
since with my background at the time, the work was quite hard for me. It was in
his course that I first understood how to prove anything, a skill without which I'd
have no dissertation. (Prof. Maddux also started me, unbeknownst to him, on my
habit of hoarding scratch paper on which to do proofs.)

My advisor at the University of Wisconsin-Madison, Mike Byrd, deserves
special thanks, on four counts: First, he showed me the best example I have ever
seen of how to teach. Mike drew in even the students who didn’t want to be
there, not by gimmicks or by watering down the material, but by sheer force of
enthusiasm. As we walked to the first lecture of his introductory logic course

x1



(for which I was several times his TA), he remarked to me in his matter-of-fact
way, “This is the seventieth time I've taught this course”, and smiled. Mike set
an inspiring example. Second, Mike didn’t just tell me when I’d made a mistake,
he showed me exactly where and gave me a counterexample. I've always been
grateful for his dedication to providing feedback; it helped me to mind the details,
in a field where details are everything. Third, Mike did all this at a difficult time
in his life, when no one would have blamed him for having his mind on matters
other than his students. Finally, Mike suggested that I apply to Amsterdam,
which is how I came to be at the ILLC.

From my time in Madison, I'd also like to thank Madeleine Arseneault, Joey
Baltimore, Sara Chant, Paul Dunn, Zach Ernst, Matt Ferkany, Tim Hansel, Fred
Harrington, Michael Humiston, Holly Kantin, Cora Lee Kleinhenz, John Koolage,
Gene Marshall, Corey Mather, Margaret Moore, Greg Novack, Tasia Persson,
Alan Rubel, Ben Sachs, Eric Stencil, Joel Velasco, Andrea Veltman, and Matt
Vickery, for good times and giving me a lot to think about. In particular, I thank
Greg for some interesting discussions about Arrow’s Theorem (which we still need
to do something about!).

In Amsterdam, there are many people to thank: At the ILLC, our adminis-
trative staff—Marjan Veldhuisen, Tanja Kassenaar, Jessica Pogorzelski, Karen
Gigengack, Ingrid van Loon, and Peter van Ormondt—have been of help on more
occasions than I can count. Rene Goedman, our doorman at Euclides, eagerly
subverted the rules to smooth our path and was always ready with some words
of wit (or to listen to me complain). My officemates Olivier Roy, Stefan Bold,
Katja Rybalko, Yurii Khomski, Brian Semmes, Umberto Grandi, Andreas Witzel,
and Jonathan Zvesper, were always ready to listen to an idea, offer advice, or
share a laugh. Stefan and Andi were also always ready to show me an interesting
web site in case I needed (or did not need) a distraction. Others at the ILLC,
without whom it would not have been the same: Stephané Airiau, Edgar Andrade-
Lotero, Martin Bentzen, Nick Bezhanishvili, Dave Cochran, Inés Crespo, Cédric
Dégremont, Tejaswini Deoskar, loanna Dimitriou, Fenrong Liu, Raquel Fernandez,
Hartmut Fitz, Gaélle Fontaine, Caroline Foster, Amélie Gheerbrant, Sujata Ghosh,
Nina Gierasimczuk, Patrick Girard, Davide Grossi, Jens Ulrik Hansen, Daisuke
Ikegami, Tikitu de Jager, Szymon Klarman, Jarmo Kontinen, Wouter Koolen-
Wijkstra, Lena Kurzen, Olivia Ladinig, Raul Leal Rodriguez, Henrik Nordmark,
Eric Pacuit, Daniele Porello, Petter Remen, Federico Sangati, Leigh Smith, Marc
Staudacher, Jakub Szymanik, Reut Tsarfaty, Fernando Velazquez-Quesada, Jacob
Vosmaer, Jelle Zuidema, and probably some people I've neglected to list. Also in
Amsterdam, but not at the ILLC: Jill Woodward and Martijn Buisman. Martijn
has been a true friend, and all the better, a fanatical devotee of good beer which I
would not have found on my own.

Two people with whom I write open-source software contributed a great deal
to helping me stay sane while working on this dissertation: Michael Kiefte and
Brent Easton. The usual suspects—Nate Ellefson, Matt Kuhns, Tom Plagge,

x1i



Matt Potter—also played a significant role on this front, as well as Paul Thelen,
who offered some valuable perspective late at night (for me, not him). Additional
thanks go out to Paul for his hospitality during AAATI 2008 in Chicago, to Brent
for his hospitality after KR 2008 in Sydney, and to Matt Kuhns for designing this
dissertation’s cover.

Thanks are due to Peter van Ormondt for translating my abstract into Dutch,
for dealing with the UvA’s accounting office on my behalf in connection with the
Cabal project, and for general commiseration.

Thanks to Vangelis Markakis for discussions about approximation, and the
insight that I should try block matrices in the alternate proofs of Theorems 3.4.2
and 3.4.3; to Tuomas Sandholm for helpful pointers (and oracular pronouncements)
about branch-and-bound; to Vince Conitzer, Judy Goldsmith, and Jorg Rothe for
numerous discussions at numerous conferences; to Jon Stewart for helping me sort
out a particularly nasty bug in my branch-and-bound solver; to Leen Torenvliet
and Peter van Emde Boas for always being eager to answer my questions whenever
[ poked my head into their office (though Leen, being a determinist, would say he
had no choice), and to Peter for help with editing my samenvatting, for spotting
typos, and for providing references from his gargantuan library.

Thanks to Brammert Ottens for solving a resource allocation question I had—
it’s gratifying to have another person deem a question of yours interesting enough
to spend time on it—and to Sara Ramezani for investigating an extension of
some branch-and-bound heuristics I worked on. I learned a lot from working (and
talking) with both of you, more, I think, than you learned from me

Thanks are due to my coauthors, Yann Chevaleyre, Ulle Endriss, Jérome Lang,
and Andreas Witzel. Much of the core of this thesis is the result of joint work
with them. A nod goes to Yann for the difficult proof of Theorem 4.4.13; for this
one Ulle and I mostly just minded the details. It’s been good working with all of
you. Memories of an afternoon spent in front of a chalkboard with Nicolas and
Ulle devising resource allocation examples (though what we were doing didn’t
work out) and, with the same two, drinking cider in a pub in Madrid, are ones I
won'’t soon forget.

I want to thank Yann and Nicolas (and Akin Kazakci) for sharing their
office with me when I visited LAMSADE in April 2008, and Jérome for helping
to organize my visit to IRIT in Toulouse in May. While in Toulouse, Sylvain
Bouveret’s assistance was indispensable—without his help, I would have had
neither meals nor a place to stay, let alone a view of the Canal du Midi from my
window. Sylvain’s (and Marianne’s) hospitality made my stay in Toulouse not
just possible, but enjoyable. Thanks also to Elise Bonzon, Florence Dupin de
Saint-Cyr, and Sylvia Estivie for interesting discussions while I was at IRIT, and
to Alexis Tsoukias, Denis Bouyssou, and Guillaume Ravilly-Abadie for the same
while I was at LAMSADE.

I am grateful to my committee, Johan van Benthem, Giuseppe Dari-Mattiacci,
Jérome Lang, Benedikt Lowe, Francesca Rossi, and Mike Wooldridge, for taking the

xiil



time to read my dissertation (and in the case of Benedikt and Jérome, providing
extensive suggestions), and to Krzysztof Apt for being my promotor and for
arranging for me the account I needed at CWI in order to conduct the experiments
in Chapter 6.

Benedikt Lowe has been particularly helpful to me while at the ILLC: One
summer day in 2006, not long after I started the work you are holding, he called (!)
to offer me the position in the GLoRiClass project which provided my funding.
Both before and after that, we have had more discussions about more things than
I can say, from set theory to German election law to typesetting, in addition to
his offering some insight into How Things Work.

My advisor, Ulle Endriss, has, I think, had a harder job than I would have
liked him to have had. Ulle has shown superhuman patience with my way of
working and with my intransigence about fixing things which are un- or poorly
explained, always gently nudging me in the right direction, and never gave up on
Chapter 6, long after I had despaired of ever finishing it. Working with Ulle has
always been easy, and that’s much appreciated. I'm thankful to have had him as
my advisor.

Finally, I want to thank my wife, Sara, not only for her ceaseless encourage-
ment, but for telling me that I could quit if I wanted to—it was that which gave
me the strength to finish.

Amsterdam
October, 2009

Xiv



Chapter 1

Introduction

The whole is more than the sum of its parts.

Metaphysics, Book VIII, 1045a10
ARISTOTLE

“I would prefer not to.”

Bartleby, The Scrivener. A Story of Wall-Street
HERMAN MELVILLE

The miserable wasteland of multidimensional space was first brought
home to me in one gruesome solo lunch hour in one of MIT’s sand-
wich shops. “Wholewheat, rye, multigrain, sourdough or bagel?
Toasted, one side or two? Both halves toasted, one side or two?
Butter, polyunsaturated margarine, cream cheese or hummus? Pas-
trami, salami, lox, honey cured ham or Canadian bacon? Arugula,
iceberg, romaine, cress or alfalfa? Swiss, American, cheddar, moz-
zarella, or blue? Tomato, gherkin, cucumber, onion? Wholegrain,
French, English or American mustard? Ketchup, piccalilli, tabasco,
soy sauce? Here or to go?”

Balliol College Annual Record, 2001
MYLES ASTON

What are preferences? Why have them over a combinatorial domain? Why do we
want to represent them compactly? Why represent them at all? We begin this
dissertation by unpacking its subtitle and addressing these questions.

Compact Preference Representation Over Combinatorial Domains

Any entity not wholly indifferent to the state of the world has preferences. 1
prefer ales to pilsners, my cat prefers to be petted in one direction over the
other, 131 million people expressed their preference for President of the United
States by voting in the 2008 general election [Federal Election Commission,
2009]. These are ordinal preferences, ranking one alternative ahead of another.
Cardinal preferences, which assign values to alternatives, are ubiquitous as well:
All monetary transactions involve cardinal preferences as prices. I would pay $300
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for a camera with features X and Y, and €2 for a coffee in Paris. Stock markets
collect the cardinal preferences of investors; auctions do the same for bidders. It
is true (though possibly trite): Preferences are everywhere.

Compact Preference Representation Over Combinatorial Domains

The ubiquity of preferences in our interactions with each other brings about the
need for us to express them. When you place a bid in an auction on the Internet
auction site eBay, your bid encodes what you are willing to pay for the item
being auctioned. My cat bats my hand away when he’d rather I leave him alone.
I say to my dinner companions that I would rather eat at the Thai than the
Indonesian restaurant. Voters mark ballots for their preferred candidates. In all
of these cases, there is a mechanism by which individuals—agents—translate their
preferences from whatever form they take inside their heads into a form which is
visible to others. This external form is the representation of an agent’s preferences.
Representations matter: Arguably, the outcome of the 2000 U.S. Presidential
election was due to a faulty preference representation method.

Compact Preference Representation Over Combinatorial Domains

If T have a basket of fruit and offer you a piece, then what I am asking you to do
is express your preferences over single pieces of fruit. The domain—that is, the
set of alternatives—is the contents of the basket. If my basket contains an apple,
a banana, a cherry, a fig, a grapefruit, a lime, a mango, a nectarine, an orange,
and a peach, then it will not be overly difficult for you give your entire preference
order over the pieces of fruit. For example, you might say that

G>C>A>P>B>F>N>M>0>1L,

where > is to be read as “is preferred to”. I might need your full preference order
because I am offering fruit to others as well, and I want to ensure that no one is
stuck with their last choice. Now consider what happens if I am giving away not
just single pieces of fruit, but arbitrary collections of it. Originally, the possible
outcomes for you were ten—for each single piece of fruit, you could be given it.
Now, the space of potential outcomes has grown exponentially: You could be
given any of the 1023 (= 2!° — 1) combinations of the pieces of fruit in the basket.
We have moved from a simple domain to a combinatorial one.

Compact Preference Representation Over Combinatorial Domains

We continue with the fruit basket example: If I need your complete preference
ordering over all 1023 nonempty subsets of fruit in order to make a decision about
what fruit to give you, then we are facing a serious problem. You will surely not
want to rank each of the 1023 nonempty subsets of the fruit in the basket even



if you are able to do so; moreover, I will not want to wait for you to do it, nor
would I want to deal with such a torrent of information even if you were able to
produce it quickly. If I added another ten pieces of fruit to my basket, the number
of subsets of fruit would already exceed one million, and with 300 pieces of fruit,
there are more subsets (23 = 2 x 10%Y) than atoms in the observable universe
(=~ 10%%). The problem being described here is known as ezponential blowup, and
is a perennial issue when the space of alternatives has a combinatorial structure.
What is needed here is a more compact way of expressing your preferences over
the subsets of fruit, one which does not require you to list your ordering explicitly,
but rather takes advantage of the structure of your preferences and in so doing
permits you to convey them concisely. Even for computerized agents, handling
preferences over combinatorial domains can quickly become unmanageable without
good representations.

Having unpacked the subtitle, it should be clear why compact preference
representation over combinatorial domains is needed. Now on to the title: A little
reflection on common experience reveals that we often have complex preferences,
even over multiples of the same type of thing. For example, while I might be
willing to pay $3 for my first ice cream cone, it is unlikely that I will place as high
a value on a second, third, or fourth cone. At some point, I might even refuse to
accept additional ice cream cones offered to me at no cost. The upshot is that
my—and probably also, your—preferences over ice cream cones are such that I
will value n cones less than n times the value I place on one cone. My preferences
are subadditive.

Examples pointing in the opposite direction exist as well: Adjacent plots of
land may be worth more together than individually. Rights to use sections of
railway tracks are more valuable in combination when they link desirable locations.
Matching trucks with truckloads to prevent trucks from traveling empty in one
direction makes the loads more valuable together than singly. Complete sets of
baseball cards are worth more than the individual cards comprising them. Takeoff
and landing rights at airports are useless if not matched. All of these are examples
of superadditive preferences. (For more examples of complex preferences see [Ball,
Donohue, and Hoffman, 2006; Caplice and Sheffi, 2006; Cantillon and Pesendorfer,
2006; Sandholm, 2007].)

What these cases all have in common is that the goods involved interact to
affect their value as a collection. Together, they have value which is more (or less)
than the sum of the values of the their constituent parts—and this is where the
difficulty of preference representation over combinatorial domains lies. Modular
preferences, ones where the values of goods are independent from one another, are
simple to represent. There is no need to introduce any conceptual heavy machinery
to handle them, they may be written concisely in an obvious way, and almost
all computational problems involving them are easy. But as soon as we move
away from modular preferences—and, as we have seen, nonmodular preferences
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are found abundantly in the real world—we are immediately confronted with
representation problems. These are the problems we tackle in this dissertation.

We return once more to the fruit basket example, to give a taste of how the
structure of an agent’s preferences can be exploited to dramatically simplify their
representation. As mentioned above, modular preferences are easy to represent.
If the values of the fruits are independent for some agent, then we can represent
his preferences over bundles of fruit by writing the agent’s value for each piece of
fruit:

{(4,1),(B,3),(C,2),(F,2),(G,1), (L, 3),(M,4), (N, 2),(0,1), (P,3)}

Then, all we need to do to determine this agent’s value for any bundle of fruit
is to sum the values of the individual pieces contained in it. For example, the
bundle {B, F, G}, containing the banana, the fig, and the grapefruit, has value 6
for an agent with these preferences.

An agent might well have more complex structure to his preferences than this.
For example, he might be allergic to cherries, and so any bundle containing cherries
is worse than one without cherries. He might intend to cook a dessert which uses
both limes and mangoes, but has no use for one without the other. Or he might
not care what fruit he gets, so long as he gets at least one piece. Look again
at the example of modular preferences over the fruit. We assigned a symbol—a
propositional variable—to each piece of fruit, and a value which accrues to the
agent for receiving that piece of fruit—for making that propositional variable
true. This suggests an extension, by which we use more complex logical formulas
instead of just single propositional variables. In this way, we can say —C' if we
want to avoid cherries, L A M if we get extra value from receiving the lime and
mango together, and AV BVCV EFVGV LV MYV NVOYV P to say that we
want at least one piece of fruit, but we don’t care which one. So,

{(=C,1),(L ANM,5)}

could be the preferences of an agent who wants to avoid cherries and to get
the lime and mango together. These kinds of languages, languages of weighted
formulas, are the method of compact preference representation which we pursue
in this dissertation.

Chapter Overview

The aim of this dissertation is to explore the possibilities of a particular formal-
ism for compact preference representation over combinatorial domains—sets of
weighted formulas, known as goalbases. The overall structure may be seen in
Figure 1.1. A chapter at the head of an arrow relies on results from the chapter
at the tail of the same arrow.



Languages

Expressivity Auctions

[SuccinctnessHComplexity

O Theory Applications

Figure 1.1: The structure of this dissertation.

Chapter 1, Introduction is the chapter you are reading now.

Chapter 2, Languages introduces the basic formalism and notation used
throughout this dissertation. In particular, we define goalbases, goalbase languages,
and the various restrictions which may be placed on them; we show how goalbases
generate utility functions, and thereby represent cardinal preferences; and we give
a wide-ranging overview of other preference representation languages, both ordinal
and cardinal.

Part I, Theory is the heart of this dissertation, where we explore the properties
of the goalbase languages defined in Chapter 2. In particular, we examine in detail
the expressivity, succinctness, and complexity of each language.

Chapter 3, Expressivity takes up a basic question about each goalbase lan-
guage defined in Chapter 2, namely: Which utility functions are expressible in each
language? We show that many goalbase languages correspond exactly to classes
of utility functions having well-known properties. Along the way, we also prove
some results about the variety of available representations in certain languages. In
particular, we show that some goalbase languages have exactly one representation
for each utility function they are able to represent, a property we call unique
representations.

Chapter 4, Succinctness considers how compactly our goalbase languages
are able to represent utility functions. Here, we present numerous pairwise
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comparisons between goalbase languages, in some cases showing that one language
is exponentially more succinct than another. Due to our systematic approach, this
chapter contains hundreds of results, conveniently summarized in several tables.

Chapter 5, Complexity classifies goalbase languages according to the compu-
tational complexity of deciding various questions concerning goalbases in those
languages. For many (though not all) goalbase languages, the decision problem
MAX-UTIL, which asks whether an alternative exists which produces at least a
given level of utility, is NP-complete. Similarly, the problem MIN-UTIL, which
asks whether all alternatives yield at least some minimum amount of utility, is
coNP-complete for many of the more expressive languages. Thirdly, we consider
the problem MAX-CUF, which deals with maximizing collective utility, rather
than individual utility as MAX-UTIL does, and again find that for many—though,
significantly, not all-—goalbase languages, MAX-CUF is NP-complete. Finally, we
consider an alternative version of MAX-UTIL, which asks about true atoms in
optimal states instead of the existence of states yielding at least a given amount
of utility.

The chapters in Part I are based on and extend work presented at the AAAI-
2007 Workshop on Preference Handling for Artificial Intelligence (AiPref-2007)
[Uckelman and Endriss, 2007], the 11th International Conferences on Principles
of Knowledge Representation and Reasoning (KR-2008) [Uckelman and Endriss,
2008b/, and in the journal article “Representing Utility Functions via Weighted
Goals” [Uckelman, Chevaleyre, Endriss, and Lang, 2009]. In turn, the latter
includes some results due to Chevaleyre, Endriss, and Lang [2006]. Section 5.7
extends work presented at the AAAI-2008 4th Multidisciplinary Workshop on
Advances in Preference Handling (MPREF-2008) [Uckelman and Witzel, 2008].

Part II, Applications highlights two areas in which goalbase languages may
be used to good effect.

Chapter 6, Auctions is the first of our two chapters showing applications of
goalbase languages. Auctions are a common way of selling goods. Unfortunately,
sequential auctions—auctions where individual goods are sold consecutively—are
inefficient when the values of goods being sold are interdependent. Combinatorial
auctions are a method of auctioning all goods simultaneously, so that synergies
among goods may be taken into account. In this chapter, we discuss existing
bidding languages for combinatorial auctions, suggest the use of goalbase languages
for bids, present two algorithms for solving the Winner Determination Problem
for combinatorial auctions when using goalbases as bids, and give experimental
results for these algorithms.



All save Section 6.3 of this chapter is based on and extends work presented at
the 7th International Joint Conference on Autonomous Agents and Multiagent
Systems (AAMAS-2008) [Uckelman and Endriss, 2008a).

Chapter 7, Voting points toward elections as another area in which goalbase
languages may be useful. We consider two main problems: First, many voting
methods are insufficiently expressive to capture the preferences of voters. Second,
voting methods intended to choose only a single winner acquire undesirable prop-
erties when modified to produce multiple winners, as in elections for committees.
In this chapter, we argue that using goalbases as ballots has potential both as a
way of extending the expressivity of single-winner voting methods, and also as a
way of handling the combinatorial nature of voters’ preferences in multi-winner
voting.

Chapter 8, Conclusion is at the end, summarizing what we have shown and
suggesting some avenues for further work.






Chapter 2

Languages

2.1 Introduction

In this chapter we present the basic notation and terminology which is used
throughout this dissertation, as well as an overview of previous work on preference
representation.

2.2 Notation

In Section 2.2.1, we define some fundamental notions from propositional logic
and give names to certain classes of propositional formulas. In Section 2.2.2 we
introduce utility functions, goalbases, and goalbase languages. Goalbase languages
are the utility representation framework which we study in Chapters 3-7.

2.2.1 Propositional Logic

Though we expect that the reader is already familiar with propositional logic, we
define it here for the sake of completeness.

Definition 2.2.1 (Propositional Formulas). The set PS is a fixed, finite set
of propositional variables. We write PS,, to indicate that |PS| = n. Given a
particular PS:

e Each p € PS is a formula.
o If ¢ is a formula, then —p is a formula.
o [f ¢ and ¢ are formulas, then ¢ A ¢ and ¢ V 1) are formulas.

e T and 1 are formulas.
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Let Lps be the language of propositional logic over PS. That is, Lps is the
set of all formulas generated by the atoms in PS. The technical results found
here apply to formulas that contain only the connectives =, A, and V. We omit
— (implication) as a Boolean connective because is it succinctly definable in
terms of — and V. Equivalence and XOR we do not consider here; they are not
obviously useful for our purposes, though their inclusion might result in more
succinct languages.

Definition 2.2.2 (Propositional Models). A model is a set M C PS. The
satisfaction relation = for models and formulas is defined as follows:

MET.

MW L.

MEp ift pe M.

M E —p ifft M .

MEeny iff MEypand M = 1.

MEoevy it MEpor MEQ.
We give names to some types of propositional formulas:

Definition 2.2.3 (Types of Formulas).

e An atom is a member of PS.

A literal is an atom or its negation.

A clause is a disjunction of literals.

A cube is a conjunction of literals.

A positive X is a satisfiable formula of type X that is free of negations.

A strictly positive X is a non-tautologous positive X.

o A k-X is an X with at most k occurrences of atoms.

A complete cube is a cube having every atom as a subformula exactly once.
e A Horn clause is a clause with at most one positive literal.

When discussing positive clauses, positive cubes, and positive formulas, we fre-
quently abbreviate these to pclauses, pcubes, and pforms, respectively. Addi-
tionally, we call strictly positive cubes and strictly positive formulas spcubes and
spforms, respectively. (The term spclauses is redundant because every positive
clause is falsifiable.) Atoms are 1-spclauses, 1-spcubes, and 1-spformulas (and also
I-pclauses, 1-pcubes, and 1-pformulas), while literals are 1-clauses, 1-cubes, and
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1-formulas. Clauses, cubes, and formulas are w-clauses, w-cubes, and w-formulas,
respectively, which is to say that the formulas may be of any finite length.! Com-
plete cubes are also known as state formulas, since any complete cube is true
in precisely one state. Note that by convention A = T and \/() = L, from
which follows that T is the unique 0-pcube and L the unique O-clause. The
notation X + T indicates the set of formulas X U {T} (e.g., pclauses + T is the
set containing all pclauses along with T).

Definition 2.2.4 (State Formulas). If X C PS, then define X = PS\ X, and
-X ={-p|pe€ X}. Then A(M U~-M) is the state formula corresponding to the
model M.

For example, if PS = {a,b,c,d}, then the state formula for the model () is
—a A —bA—=cA—d and for {a,b} is a AbA —cA—d. Notice that M’ = A(M U-M)
iff M = M.

2.2.2 Utility Functions, Goalbases, and Languages

We are interested in utility functions over combinatorial domains that are the
Cartesian product of several binary domains. A generic representation of this kind
of domain is the set of all possible models for propositional formulas over a fixed
language with a finite number of propositional variables (the dimensionality of
the combinatorial domain).

Definition 2.2.5 (Utility Functions). A utility function is a mapping u: 27% — R.

Because the utility functions we consider have sets as their domain, and
propositional models are sets, utility functions can be thought of as mapping
models to their values.

Definition 2.2.6 (Weighted Goals and Goalbases). A weighted goal is a pair
(p,w), where ¢ is a formula in the language Lps and w € R. A goalbase is a
finite multiset G = {(¢;, w;) }; of weighted goals.

Goals are typically required to be satisfiable formulas. We will see in Chapter 3
that for the languages studied here this restriction does not affect expressive
power, though the presence of unsatisfiable formulas can affect the computational
complexity of some decision problems, as discussed in Chapter 5. When a particular
goalbase is under consideration, we write w, to mean the weight of formula ¢ in
that goalbase. For(G) is the set of formulas in G. Var(y) is the set of propositional
variables in the formula ¢ and Var(G) = U cpo(q) Var(e)-

1Strictly speaking, we should write, e.g., <w-cubes instead of w-cubes, but we abuse notation
for the sake of brevity and because all formulas are assumed to have finite length.
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Definition 2.2.7 (Generated Utility Functions). A goalbase G and an aggregation
function F: N® — R generate a utility function ug r mapping each model M C
PS tougrp(M) =F(w | (¢,w) € G and M |= ¢).

Aggregation functions map multisets of reals to reals.? Because multisets are
unordered structures, any aggregation function will necessarily be associative
and commutative over weights.® In this dissertation, we restrict ourselves to
two aggregation functions, > and max, the summation and maximum functions,
respectively. When F' = X the utility function generated from a goalbase G is

ugn(M) = Z w,
(p,w)eG
Mg

which is to say that the value of a model is the sum of weights of formulas
made true in that model. For example, if PS = {p,¢,7}, then the goalbase
Gi={(pVaqvr2),pNgl),(pAr1),(gAT1),(pAgAT,—2)} generates the
utility function w: X — min(3,2:/X|). When F = max, the utility function
generated from a goalbase G is

UG max (M) = (;Iqlgé(@ w.
M=p

In other words, the value of a model is the same as the largest weight had by any
formula which is true in that model.

These two aggregation functions may produce dramatically different utility
functions from the same goalbase. E.g., if G = {(a,1) | a € PS}, then ug max is
the simple unit-demand utility function (u(X) =1 if X # 0, 0 otherwise) while
ug,y is the simple additive utility function (u(X) = |X]|). In case max is used, we
assume max(()) = —oo; it is often useful to include, say, (T,0) in any goalbase
intended for use with max so as to obtain utility functions defined for all states.

2The definition of aggregation function given here differs subtly from that given by Chevaleyre
et al. [2006], Uckelman and Endriss [2007], Uckelman and Endriss [2008a], Uckelman and Endriss
[2008b], Uckelman and Witzel [2008], and Uckelman et al. [2009], in that all of these write
the aggregation function as F': 28 — R when in practice the reader is meant to understand
the aggregation function as operating on multisets. (Lafage and Lang [2000] do the same with
their definition of disup as does Lang [2004] with the definition of Fy, F5, and F3 for Ry,.) In
particular, these authors often write sums of weights as > {w | stuff }, when what is intended
is Zstuﬁw. We have striven to avoid this ambiguity in the present work; in the event that we
have failed, please in all cases read sums of weights as sums of multisets (rather than sets) of
weights. That is, > {1,1} =2 # 1.

3If the domain were arbitrary-length tuples of reals instead of multisets of reals (R* instead of
NF), then there could be aggregators which are sensitive to the order in which formula weights
are aggregated. Since goalbases are unordered structures, there is no compelling reason to be
concerned with the order in which weights are aggregated, so we limit the domains of aggregators
to multisets.
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Definition 2.2.8 (Goalbase Equivalence). Two goalbases G and G’ are equivalent
with respect to an aggregation function F' (written G =p G’) iff they define the
same utility function. That is, G =p G’ iff ug r = ue p.

Goalbases provide a framework for defining different languages for representing
utility functions. Any restriction we might impose on goals (e.g., we may only
want to allow clauses as formulas) or weights (e.g., we may not want to allow
negative weights) and any choice we make regarding the aggregator F' give rise to
a different language. An interesting question, then, is whether there are natural
goalbase languages (defined in terms of natural restrictions) such that the utility
functions they generate enjoy simple structural properties. (This is indeed the
case, as seen in Chapter 3.)

Definition 2.2.9 (Languages and Classes of Utility Functions). Let ® C Lpg
be a set of formulas, W C R a set of weights, and F' an aggregation function.
Then L(®, W, F) is the set of all goalbases formed by formulas in ® with weights
from W to be aggregated by F, and U(P, W, F') is the class of utility functions
generated by goalbases belonging to L£(®, W, F'). More generally, we write U (L)
to mean the class of utility functions generated by goalbases in the language L.

In order to keep the reader from being overwhelmed by indices, we may
sometimes omit F' and write ug, =, L(®, W), and U(P, W) in preference to ug r,
=p, L(®, W, F), and U(P, W, F') when context makes clear which aggregation
function F is.

Regarding weights, we study the restriction to the positive reals (R") as well
as the general case (R). For complexity questions we will restrict our attention to
the rationals (Q). We restrict formulas by their structure, according to the types
of formula defined in Definition 2.2.3. For example, the language L£(cubes, RT )
consists of all goalbases which contain only positively-weighted cubes, and are
aggregated using summation. Many more examples of languages will be seen in
Chapter 3, where we investigate language expressivity.

We may occasionally wish to combine goalbases. For this purpose, we define a
notion of goalbase summation.

Definition 2.2.10 (Goalbase Summation). If G, G" are goalbases, then

G@G':{(go, Sat Y b)

(p,0)EG ()G

¢ € For(G U G’)}

is their sum.

Note that @ does not combine formulas which are semantically equivalent but
syntactically distinct. E.g., {(p,1)}®{(pAp,1)} # {(p,2)}. Combining equivalent
weighted formulas would involve first checking for equivalence, which we wish to
avoid because equivalence checking is coNP-complete in the general case.
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We define a notion of uniform substitution for formulas and goalbases, which
we occasionally need when transforming them:

Definition 2.2.11 (Uniform Substitution). If ¢, ¢y, ... ¥k, X1, .., Xk are for-
mulas, then ¢[1/x1,...,%r/xk] is the result of (simultaneously) substituting
1; for every occurrence of x; as a subformula in ¢. If G is a goalbase, then
G[1/x1, - -+, ¥r/xk] is the result of applying the substitution to each (¢, w) € G.

Finally, a note on non-binary domains: Due to the applications we have in
mind for goalbase languages, resource allocation, auctions, voting—all binary
in the sense that an agent has an item or does not, or a candidate is a winner
or not—we have restricted our variables to have binary domains. Moreover,
restriction to binary domains is a natural one when working with propositional
logic. Nonetheless, it is possible to simulate in our framework variables which take
on a larger (but still finite) set of values, by coding single many-valued variables
into multiple binary-valued ones. For example, a three-valued variable X could
be decomposed into atoms g, x1, where x; represents the ith bit of X’s value
(assuming that its three values are enumerated 0,1,2). In this case, we have
one “extra” state, the one where xy A x; is true, corresponding to no value in
X’s domain, due to the fact that the size of X’s domain is not a power of two.
This overhang can be adjusted for in several ways, e.g., by giving ¢ A x; a large
negative weight so that all “invalid” models are dominated by the “valid” ones.
(The alternative proof of Theorem 5.5.6 on p. 107 shows an example of this trick,
though in a different context.) The number of new binary variables required to
“binarize” any variable X is [log|dom X|]; so long as the size of the domain of X
does not vary with |PS|, our succinctness and complexity results in Chapters 4
and 5 will be unaffected by the use of variables with larger domains. Similarly, our
expressivity results in Chapter 3 carry over to many-valued variables, though we
must caution that the naturalness of representations may be lost in translation.

2.3 Related Languages

There are a wide variety of languages for expressing preferences. In this section,
we survey a selection of them. Some, such as CP-nets, are fundamentally ordinal
languages. Others, such as penalty logic, weighted description logics, bidding
languages, and generalized additive functions, are cardinal. Still others, such as
valued constraint satisfaction problems, as well as some of the languages discussed
by Lafage and Lang [2000], build ordinal preferences upon cardinal components.

2.3.1 CP-Nets

CP-nets are a formalism devised by Boutilier, Brafman, Geib, and Poole [1997] and
refined by Boutilier, Brafman, Hoos, and Poole [1999a] for specifying conditional
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ceteris paribus preferences in a compact fashion.* A ceteris paribus preference
for a over b means that all else being equal, a is preferred to b. For example, it
might be the case that, in the absence of other differences, I prefer the amplifier
which has 11 as its maximum volume to one which goes only to 10. A conditional
preference for a over b depends on some given state c¢. Conditional preferences
are common in situations where multiple issues must be resolved, the canonical
example being a diner who prefers white wine if the main course is fish, but
red wine if the main course is beef. Putting these two together, a conditional
ceteris paribus preference is one where the ordering over the domain of one option
depends on how some subset of the other options are resolved.

A CP-net is a directed graph where each vertex X; is a variable, there is an
edge from X; to X if the value of X; depends on the value of X;, and associated
with each variable X; is a conditional preference table specifying which total
preorder over the domain of X; is applicable given assignments to the variables
on which X; depends.

To illustrate this, we repeat an example given by Boutilier, Brafman, Domshlak,
Hoos, and Poole [2004, Example 3|. Suppose that I am dressing for a fancy occasion
and can choose black or white pants, a black or red shirt, and a black or white
jacket. I unconditionally prefer the black jacket to the white, and the black
pants to the white, but my preference for what shirt I wear depends on the
combination of jacket and pants I will wear. Figure 2.1(a) shows one possible
CP-net representing my conditional preferences over the colors of my jacket, pants,
and shirt; Figure 2.1(b) shows the preference order over alternatives induced by
that CP-net. Notice that the induced order is not total—for example, the black
jacket with white pants and white shirt is incomparable to the white jacket with
white pants and red shirt—and in general there may be many total orders which
are compatible with the induced preorder.

In the previous example, the dependency graph is acyclic, but this is not an
essential feature of CP-nets. For example, I may wish to wear socks given that I
am wearing shoes instead of sandals, but also vice versa. However, once we permit
cycles, we are no longer guaranteed to have a corresponding preference order.

Under some conditions, we can use CP-nets to efficiently answer ordering and
dominance queries—whether a total ordering exists in which outcome o is strictly
better than o', and whether in every total ordering o is strictly better than o,
respectively [Boutilier et al., 2004, Section 4]. Individual CP-nets are intended for
the representation of individual preferences; however, there has also been a great
deal of work on aggregating the CP-nets of multiple agents in order to find group
preferences [Xia, Lang, and Ying, 2007b,a; Xia, Conitzer, and Lang, 2008; Lang
and Xia, 2009; Xia and Lang, 2009; Rossi, Venable, and Walsh, 2004; Pilotto,
Rossi, Venable, and Walsh, 2009; Apt, Rossi, and Venable, 2008].

4CP here stands for either ceteris paribus or conditional preference. Due to an unfortunate
naming collision, colored Petri nets, which are used for modeling transition systems, are also
sometimes referred to as CP-nets.
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For a thorough discussion of the properties of CP-nets, see the survey by
Boutilier et al. [2004]. CP-nets have also been extended and modified in various
ways: TCP-nets permit the expression of the relative importance of variables
[Brafman and Domshlak, 2002]; Cl-nets generalize one aspect of TCP-nets by
permitting statements about the importance of sets of variables [Bouveret, Endriss,
and Lang, 2009]; UCP-nets add utilities by combining GA-decompositions of utility
functions (see Section 2.3.8) with CP-nets [Boutilier, Bacchus, and Brafman, 2001].

2.3.2 Penalty Logic

Knowledge bases are sets of propositional formulas intended to represent collec-
tions of “known” information, possibly derived from multiple sources of varying
reliability. As with any set of propositional formulas, a knowledge base may be
inconsistent. (This could occur, for example, if some formulas were generated by
a malfunctioning sensor and others were generated by properly functioning ones.)
We may wish to make inferences from an inconsistent knowledge base nonetheless,
but in order to do so we need some method for dealing with inconsistency to
prevent us from deriving nonsense. Pinkas [1991] devised penalty logic to address
this problem. Penalty logic augments the formulas in a knowledge base with
weights, which indicate the cost of falsifying the associated formula.

Following Dupin de Saint-Cyr, Lang, and Schiex [1994], a penalty knowledge
base is a finite multiset of weighted propositional formulas (p,w) where w €
R* U {+00}. The cost of a model M given a penalty knowledge base PK is the
sum of the penalties of the formulas in PK which M violates,

k?pK(M) = Z w,
(pw)EPK
ME—¢
and a preferred interpretation is a minimum-cost model.

For example, suppose I am knocked unconscious in a cycling accident and
when I awake I see what appear to be majestic snow-capped mountains. I have
as a knowledge base PK = {(h,10),(m,1), (h — —m, +00)}, where h stands for
“I am in Holland” and m stands for “I see mountains”. Having left my office in
Amsterdam by bike, I have a strong belief that I am still in Holland, and I have
an inviolable belief that there are no mountains there. I believe I see mountains,
but realize that my vision might be unreliable due to the accident. According to
the penalties in my knowledge base, the model with minimal cost is {h}, which
says that I am in Holland, but I am not really seeing mountains.

In addition to minimal-cost models, we might be interested in minimal-cost
subtheories—that is, minimal-cost consistent subsets of PK—or even minimal-
cost subtheories consistent with some given formula ¢. The cost function kpg
induces a total order <pg on the subsets of PK. Using this, we can define a
nonmonotonic inference relation ~%,, where ¢ %, 9 iff for every S C PK
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Jp NPy S, > Sy
Juw NPy Sw > S,
Jy NPy, | Sp > S,
Juw NPy | S, > Sy
(a) A CP-net.
Juw A Py NSy

Jy NPy NS,

(b) The induced preference order.

Figure 2.1: What to wear?
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which is <pg-maximal among the yp-consistent subtheories of PK, SU {p} = 1.
Returning to the example, it is easy to see that the minimal-cost h-consistent
subtheory is {(h, 10), (h — —m,400)}. (However, in the general case, deciding
whether ¢ %, 1 is AS-complete [Cayrol, Lagasquie-Schiex, and Schiex, 1998].)

There is a simple translation between penalty knowledge bases and sum-
aggregated goalbases: A penalty knowledge base PK = {(¢1,w1),. .., (¥k, wk)}
may be translated into a goalbase G = {(—p1, —w1), ..., (7@, —wk)}; having
done that, it will be the case that kpx (M) = —ugx(M) for all models M.

2.3.3 Weighted and Distance-Based Logics for
Cardinal Disutility

Lafage and Lang [2000] introduce a framework for cardinal preferences using
what they call weighted logics. A preference profile (P, K) is a preference base
P (in our terms, a goalbase) and a consistent set of formulas K called integrity
constraints. Worlds (models) are considered possible if they satisfy all of the
integrity constraints (w = K); the set of possible worlds is denoted by Mod(K).
An individual’s preference ordering over possible worlds is induced by a disutility
function disup: Mod(K) — [0, 4+oc] such that disup(w) = *{a; | w = —¢;},
where *: [0, 4+00] X [0,+00] — [0, +00] is any operation which is commutative,
nondecreasing, associative, and for which 0 is an additive identity (for all a, ax0 =
a). The collective disutility function disup for a collection of individual preference
bases (P, ..., P,) is disup(w) = O, disup, (w), where ©: [0, +00]" — [0, +00] is
any operation which is nondecreasing in each argument and commutative. Each
pair of operators (x,¢) defines a weighted logic. Penalty logic is a special case of
this framework, which results from setting * = +.

Lafage and Lang [2000] also define an alternative measure of disutility based
on distances. A distance d: 2 x  — N (also known as a metric) is a mapping
which is nonnegative (d(w,w’) > 0), identifies indiscernibles (d(w,w’) = 0 iff
w =w'), is symmetric (d(w,w’) = d(w',w)), and satisfies the triangle inequality
(d(w,w") < d(w,w")+d(w',w")). Here the w are considered to be possible worlds.
Further, d is extended to cover the distance between a world and a propositional
formula, as well as between two formulas:

_ . / _ . /
d(w, ) = ptin d(w, w’) d(p, ) = g%% d(w, w’)

Finally, the distance between a possible world w and a set of (unweighted) goals
G is the distance from w to each ¢ € G, aggregated by x,

d(w,G) = >I<G d(w, )

which we identify with disug(w). Collective disutility is aggregated as it was with
weighted goals. Lafage and Lang suggest using the Hamming distance between
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worlds for the metric d. (We consider the consequences of this with regard to
committee elections in Section 7.3.2.)

2.3.4 Propositional Languages for Ordinal Preferences

Coste-Marquis, Lang, Liberatore, and Marquis [2004] consider the use of several
different propositional preference representation languages for generating prefer-
ence orderings, aiming to find ones which are more succinct than explicitly listing
M > M’ for each such pair of alternatives. These languages do not originate with
Coste-Marquis et al.—for their sources, see [Coste-Marquis et al., 2004]—but are
presented there in a uniform fashion for the purpose of comparing their expressivity
and succinctness. We enumerate and describe these languages here. All languages
mentioned here are distinct; we do not provide examples of their use here, due to
their number.

Ryenaities The preference relation Rpenaities 1S the one induced by a penalty
goalbase, as described in Section 2.3.2.

Ry The preference relation Ry is based on the (weighted) Hamming distance
between models. The Hamming distance between two models M and M’ is the
number of variables which would need to have their values negated to convert M
into M’, and the distance between a model M and a formula ¢ is the minimum
distance between M and any M’ such that M’ = ¢:

From there, we can extend the notion of distance to compare models with goalbases,
so that

(pw)eG
which induces an ordering <5 where M <8 M’ iff dg(M, G) > dg(M’,G). (Notice
that the preference ordering runs in the direction opposite to that of the distance
ordering.)

Coste-Marquis et al. define three preference orderings which treat the weights
of goals as priorities, rather than as values where the satisfaction of one goal may
compensate for the violation of another. (That is, goals are not fungible: no
amount of satisfied goals with priority 2 will compensate for a single violated goal
with priority 1.)

RPestout  The best-out ordering RPSU is defined by

prio prio

o) = o
M
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and so M =2 M’ iff rg(M) > ra(M').

Rdiscrimin
prio

The discrimin ordering R5™™ is defined by
discrb(M, M) = {¢ | (p.w) € G, M |= o, M" |£ ¢}
discrg(M, M') = discrs (M, M') U disers, (M, M)

so that M »-dscrimin V77 jff

min{w | (¢, w) € G, € discrs(M, M')}
< min{w | (p,w) € G, ¢ € discr(M', M)}

and M zdserimin gt ff Np o diserimin A r7op diserg (M, M') = ().

REM™® The leximin ordering RI5™ is defined by

di(M) = [{(p,w) € G| M |= ¢ and w = k}|

so that M =&min V" iff there exists a k such that dy(M) > dj,(M’) and for all
J <k, d;(M) = d;(M’); and M =ls5min N* iff M =losmin M7 op dy (M) = di (M)
for some k.

Coste-Marquis et al. also define two preference orderings based on conditional
logics. Here, each goal ¢ has a context y. A conditional goal yx: ¢ is satisfied by
an ordering > iff the set of >-maximal models where y holds are a subset of those
models where ¢ holds; a set of conditional goals is satisfied by > when all of its
members are.

RS, The “standard” conditional preference relation RS . is defined as

M =85S M iff every ordering > which satisfies G has M > M.
RZ _, The Z-ranking preference relation R% , is much more fine-grained than
RS 4, but also much more complex due to its procedural definition. In addition to
a set of conditional goals GG, we also have a set of hard constraints K. A conditional
goal p: 1) is tolerated by a set of conditional goals {p;: 11, ..., ¢k ¥r} and set
of hard constraints K iff o A A /\le(goi — ;) A\ K is satisfiable. Then, we
build a partition Ri,..., R; of G as in Figure 2.2.

Use the R; to define a rank function where rank(y¢: ¢)) =i when ¢: ¢ € R;.
Let G' = {(¢p — ¥, mazrank — rank(p: ) + 1) | ¢: ¢» € G}. Then, define
M =8N M ifE M =P MY

Finally, Coste-Marquis et al. introduce a preference ordering for ceteris paribus
preferences:
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k=0
R=G
repeat
k=k+1
]%k = @
for all p: ¥ € R do
if p: 4 is tolerated by R\ {¢: ¥} then
Ry = R, U{p: ¢}
Rim R\ {p: )
end if
end for
until R =0

maxrank =k

Z
cond*

Figure 2.2: Algorithm for partitioning GG for use in determining R

R., 1If p, 1, x are formulas and V' D Var(y) U Var(y) is a set of variables , then
the ceteris paribus desire @: 1) > x[V] means that given ¢, 1) A =y is preferred to
=) A x, where the values of variables not in V' are considered irrelevant. Similarly,
indifference between 1) A =y and =) A x given v is indicated by ¢: ¥ ~ x[V]. The
set of preference desires is denoted by Dp, the set of indifference desires by Dy, and
a ceteris paribus goalbase G = DpUD;. A single desire D = ¢: ¢ > x[V] induces
a preference order >p where for models M, M', M >p M’ iff M = o A A =y,
M = o A=Y Ay, and M, M agree on PS \ V; the same conditions hold for
indifference desires and ~p. The ordering ig’ is defined so that M ECGP M’ iff
there is a finite chain of models M = My, My, ..., My_1, M} = M’ such that for
each 0 < i < k, there is some desire D € G for which M; >p M;.1 or M; ~p M; ;.

Lang [2004] additionally defines Rpasic, Rc, Reard, Rwg, and Rg:

Ry.sic  simply distinguishes states which satisfy a single goal from states which
do not: G = {p} and models M, M’ are such that M =p*i° M iff M = ¢ and
M’ £ p. Hence Rypasic is very limited, permitting the representation of dichotomous
preferences only.

Rc refines Ryasic: G = {¢1,..., ¢} and models M, M’ are such that M t(% M’
iff {pi e G| ME ¢} 2{pie G| M E p}. Rcisthe Pareto ordering on
states; >—%—maximal states are ones where no further goals may be satisfied.

R..rqa  additionally counts the satisfied goals, but otherwise treats them inter-
changeably: G = {¢1,..., o} and models M, M’ are such that M =& M’ iff
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Hepi € G| M E g} > {ps € G| M' = p;}|. Hence, Rearq produces a total order,
while Rc will in many cases be partial.

R, is a further generalization of weighted goal languages to three aggregators,
F5 which aggregates the weights of satisfied goals, F5 which aggregates the weights
of unsatisfied goals, and F; which aggregates the outputs of Fy and Fj. This
gives us

ug" (X)) = F(B(a| (p,a) € G,X [ 9), B(a| (p.0) € G.X )

in symbols.® When considered this way, when F} is the projection function for its
second argument (Yo, 3, Fi(a, B) = (), F, is arbitrary, and Fy = +, we get penalty
logic; when F} is the projection function for its first argument, Fy € {+, max},
and Fj is arbitrary, we get the sum- and max-aggregated goalbase languages
considered in the present work. The induced ordering >=¢# is simply the natural
ordering on the utilities of the states as determined by G.

R4 The relation Ry is defined similarly to the distance-based measure given
by Lafage and Lang [2000]. Let d be a pseudo-distance metric. (The difference
between a distance metric and a pseudo-distance metric is that a pseudo-distance
metric need not respect the triangle inequality.) The distance between two
models d(M, M') is as above, as is the distance between a model and a formula
d(M, ¢). Rather than computing disutilities as Lafage and Lang [2000] do, however,
Lang computes utilities—given a set of formulas G, the utility of a model M is
—d(M,G)—and defines =, ; as the natural ordering of models M induced by
—d(M,G).

Note that for both Ry, and R4, a cardinal preference structure underlies the
ordinal one.

These orderings show the great diversity of ways in which ordinal preferences
may be represented, and especially the versatility of goalbases for inducing orders.
The investigations which we carry out in Chapters 3-5 regarding the expressivity,
succinctness, and complexity of goalbase languages for representing cardinal utility
could be repeated for any of the ordinal languages mentioned here.

>This differs in two ways from [Lang, 2004, Section 3.3.2], which has

ug ™ (X) = Fi(R({a] (pa) € G, X F o) Bi(fa | (p.a) € G.X - ¢}))

instead. In the main text, we do not collect weights as sets, in order to prevent the unwanted
disappearance of duplicate weights. (For a discussion of this, see also p. 12, footnote 2.) The
second difference is subtle: This way, F5 has the value of F3 as one of its arguments, whereas in
our main text F» and Fj3 are computed independently. Likewise, we could make the output of
F5 an input for F3 if we wanted the aggregated value of the unsatisfied formulas to depend on
the aggregated value of the satisfied formulas. Ultimately this difference matters only if we wish
to take both satisfied and unsatisfied goals into account simultaneously.
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2.3.5 Weighted Description Logics

Ragone, Noia, Donini, Sciascio, and Wellman [2009a,b] introduce a framework
similar to our own, except that formulas from description logic are used instead
of those from propositional logic. Description logics are knowledge representation
languages which provide ways to reason about concepts, roles, and individuals.
Concepts are sets of objects, individuals are particular named objects, and roles
are relations among concepts. E.g., Sandwich is a concept, joelsLunch is an
individual, and hasCheese is a role. Description logics provide operators for
intersection and union of concepts: Sandwich M Soup is the (presumably empty)
concept which contains all objects which are both soups and sandwiches at the
same time, while Sandwich LI Soup is the concept containing anything which is
either a soup or a sandwich. Role restrictions may be quantified:

Sandwich ' JhasCheese. T
is the concept of a sandwich with cheese, and similarly,
Sandwich M JhasCheese.T N VhasCheese.Minster

is the concept containing the sandwiches with Miinster on them. One concept may
subsume another: BlueCheese C Cheese. An ontology 7 is a set of description
logic formulas indicating how concepts are related. (For more information on
description logics, see [Baader, Calvanese, McGuinness, Nardi, and Patel-Schneider,
2007].)

Ragone et al. form preference sets P of weighted concepts (P, v), where the
value of a model A is

> {v|(Pv) € Pand ACs P}.

That is, every weighted concept which subsumes the concept represented by the
model A (according to the ontology 7°) contributes its weight to the overall utility.

Ragone et al. [2009a, Theorem 2] consider a problem analogous to our MIN-
UTIL decision problem (cf. Definition 5.3.2 and Section 5.5), and determine
that the complexity of finding minimal models is the same as the complexity of
deciding satisfiability for the particular description logic in use. (In some cases,
the complexity will go far beyond anything we consider here, since there are
description logics for which SAT is, e.g., PSPACE-complete.)

2.3.6 Boolean Games

A Boolean game is one in which each player has a goal, specified as a propositional
formula, and a subset of PS over which he has exclusive control. (For example, a
player might have p V (¢ A r) as his goal, but control the values of the variables
q and s.) A player receives a payoff of 1 for satisfying his goal, and 0 otherwise.
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Bonzon, Lagasquie-Schiex, Lang, and Zanuttini [2009] propose an extension called
L-Boolean games, in which the payoff for each player is determined by some
compact preference representation language L; Bonzon et al. consider CP-nets
and prioritized goalbases using the discrimin, leximin, and best-out relations as
candidates for L. Independently, Mavronicolas, Monien, and Wagner [2007] extend
Boolean games to use weighted formulas; and Dunne, van der Hoek, Kraus, and
Wooldridge [2008] extend Boolean games to a cooperative setting.

2.3.7 Valued Constraint Satisfaction Problems

Related to penalty logic and other propositional ordinal representations are valued
constraint satisfaction problems (VCSPs). A constraint satisfaction problem (CSP)
is a tuple (V, D, C'), where V' = {x1,...,x,} is a set of variables, D = {dy,...,d,}
a set of domains of values for the variables, and C' a set of constraints. A constraint
c is a pair (V, R.), where V., C V and R, C Ha:ich d;. A wvaluation function
v: V — |J D maps each variable z; to an element of its domain d;. A constraint
({x1,..., 2}, R) is satisfied by a valuation v when (v(z1),...,v(zg)) € R. (A
CSP where all variables have binary domains amounts to specifying constraints as
cubes.) Interesting CSPs are ones which are overconstrained, and in such cases it
is NP-hard to decide whether any given subset of constraints is satisfiable.

As defined by Bistarelli, Montanari, Rossi, Schiex, Verfaillie, and Fargier
[1999], a VCSP is a CSP augmented with a valuation structure (E,®, >), where >
totally orders the set F, there is a >=-minimum element T € E and a >-maximum
element 1. € E, and ® is an associative, commutative binary operator on E which
satisfies identity (Va € F,a ® L = a), monotonicity (Va,b,c € E,a = b implies
(a®c) = (b®c)), and has an absorbing element (Va € E,a® T = T). That is,
the valuation structure is a totally ordered commutative monoid with a monotonic
operator. Each constraint ¢ is then labeled with an element of F, which indicates
the importance of violating c.

So, a VCSP P =(V,D,C, S, ), where S = (E,®, >) is a valuation structure
and the function ¢: C' — E maps constraints to their valuations. The overall
valuation V of the VCSP P given an assignment A for some subset of variables

W CVis
Vo) = @ elo)

ceC,V.CW
A violates ¢

Because ® is an operator on E, Vp(A) will also be some element of E. Since >
totally orders E, Vp induces a total ordering on the allocations A. The valuation
Vp(A) indicates the overall quality of the allocation A according to .

VCSPs subsume penalty goalbases restricted to cubes (let £ = N U {+o0},
® =4, L =0, T =400, and > = >) as well as leximin goalbases restricted to
cubes (let £ ={0,1}*U{T}, ® =U, L =0, T = the symbol T, and > = the
lexicographical ordering on binary strings).
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2.3.8 Generalized Additive Independence

A utility function v over PS is generalized additive decomposable over a given
collection of subsets P, ..., P, which covers PS if there are u,;: 2 — R such
that for all states X C PS,

k
u(X) =Y w(XNP).
i=1
Clearly, every u is GA-decomposable over the trivial cover P, = PS—just

let u; = u. When u is GA-decomposable over the singleton cover {p:},...,{p.},
then u is additive. More interesting cases are where a utility function may be
decomposed into the sums of utility functions over several (possibly overlapping)
nonsingleton subsets of PS. For example, suppose that PS = {a,b,c,d}. Then
the following complexly-structured utility function u is GA-decomposable over
{a,b},{a,c,d}, {b} using the following three utility functions

3 if X = {a,b} _
1 if X ={a,c,d
tapp(X) = 1 X :'{a} Uacar(X) = {0 otherwiie }
0 otherwise
-2 if X ={b}
Uy (X) = { 2 otherwise
which together sum to the value of w:
D) PE)
EREO RO
S 3 3 S 3 3
u(0) =0+0+2= 2 u({d}) =0+0+2= 2
u({a}) =14+0+2= 3 u({a,d}) =14+0+2= 3
u({b}) =04+0—-2=-2 u({b,d}) =04+0—-2=-2
u({a,b}) =34+0—-2= 1 u({a,b,d}) =3+0—-2= 1
u({c}) =04+0+2= 2 u({c,d}) =04+0+2= 2
u({a,c}) =14+0+2= 3 u({a,c,d}) =1+14+2= 4
u({b,c}) =0+0—-2=-2 u({b,c,d}) =0+0—2=-2
u({a,b,c})=3+0—-2= 1 u({a,b,c,d})=3+1—-2= 2

Here, decomposing u into {qp}, Ufa.cd}, and ugy reveals some structure in u which
is not apparent on the surface, and also provides some space savings over the
explicit representation of u. Note, however, that the utility functions which form
a GA-decomposition may still be arbitrarily complex over their restricted domains.
GA-decomposition may also be done for utility functions over variables with more
than just binary domains, though this requires a more general definition than we
have given here; for that, see [Gonzales, Perny, and Queiroz, 2006, Definition 1].
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GA-decomposition was introduced by Fishburn [1970] and has more recently
been used by Gonzales and Perny [2004] and Gonzales et al. [2006] for constructing
GAl-nets, and by Brafman, Domshlak, and Kogan [2004] for eliciting preferences
using GA-decomposable CP- and TCP-nets; related notions are the conditional
additive independence of Bacchus and Grove [1995] and conditional expected
utility independence of La Mura and Shoham [1999].

All utility functions representable in L(forms, R, ) have a natural (though
possibly suboptimal) GA-decomposition, namely the ones suggested by the goal-
bases which generates it: Given a goalbase G, the utility function ug y is GA-
decomposable over Var(yy),. .., Var(yy) for (¢;, w;) € G, using the ug(y, w,)}x as
the component utility functions.

2.3.9 Coalitional Games

A coalitional game is one in which a group of agents receives some payoff for joint
action. The payoff received depends on which agents join the coalition. Formally,
a coalitional game with transferable utility (N, v) is a set of agents N and a
valuation function v: S € N — R which indicates the value of any coalition S to
its members. The game specifies only how much utility a coalition receives, not
how its members should divide it; this is what distinguishes a coalitional game
with transferable utility from one without.

Teong and Shoham [2005] introduce marginal contribution nets (MC-nets) as a
way of modeling coalitional games with transferable utility. An MC-net is a set of
rules of the form ¢ — w, where ¢ is a cube and w € R. A rule ¢ — w is said to
apply to a coalition S iff all of the positive literals in ¢ and none of the negative
literals in ¢ are members of S; the value of a coalition S is the sum of weights of
all rules which apply to S. It is easy to see that the language of MC-nets is exactly
L(cubes,R, ) in disguise. Elkind, Goldberg, Goldberg, and Wooldridge [2009]
further generalize basic MC-nets to general MC-nets, by additionally permitting
arbitrary Boolean connectives in their rules. See Section 4.3 for further discussion
of MC-nets.

2.3.10 Bidding Languages

Auctions are a method of allocating items and costs to bidders. Bidders in auctions
need some way of expressing their valuations to the auctioneer; the method by
which they do this is called a bidding language. Any bidding language may be
thought of as a scheme for representing cardinal preferences over sets of goods.
Bidding languages for traditional single-item auctions tend to be simple, as in
single-item auctions it is only possible to express preferences which are modular.
(When the left shoe is auctioned separately from the right shoe in a single-item
auction, there is no way to tell the auctioneer through your bids that the value you
place on one shoe depends on whether you win the auction for the other shoe.)
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Combinatorial auctions are a type of auction in which all items are sold simul-
taneously, rather than sequentially as in traditional auctions. (For a discussion of
combinatorial auctions, see Section 6.2.) Because combinatorial auctions simulta-
neously auction many items, the possibility arises for bidders to express preferences
over bundles of items. The simplest bidding language, in which a bidder lists every
possible combination of goods along with the price he is willing to pay for each
one, clearly permits the full range of expression (limited only by the divisibility of
the currency being used) but is too verbose to be used for any but the smallest
auctions. A bidder wishing to bid in a ten-item combinatorial auction would need
to list his price for 1023 bundles (the 2! — 1 nonempty subsets of ten items),
which is surely beyond the desire, if not the capacity of any human bidder; and
an auction with a hundred items would overwhelm even a computerized bidder
were it forced to place explicit bids.

We might try to improve the explicit form somewhat by adopting the convention
that any bundle which has no listed value is assumed to be worth nothing to
the bidder; however, this will be cold comfort for bidders who place a nonzero
value for every single-item bundle, as it will save them no effort at all. Clearly,
we need a less naive approach, one which saves space by taking advantage of the
internal structure of bidders’ preferences. Rather than assuming that the value
of an unlisted bundle is zero, we might instead assume that it has the value of
its greatest-valued subset. This bidding language, known as the XOR language,
is demonstrably better than the explicit form. Further space efficiency may be
gained by assigning not the value of its single highest-valued subset to a bundle,
but rather by taking the greatest sum of values of subsets which partition it.
This language, known as the OR language, is even more space-efficient than the
XOR language, but cannot express all utility functions, and moreover computing
with it is more difficult than with the XOR language. Further variations of these
languages have been studied—for example, the OR* language, which is the OR
language with dummy items, and the OR-of-XORs language, which permits XOR
bids to be ORed together—and are discussed in detail by Nisan [2006]. We discuss
the family of OR/XOR languages further in Section 6.3.1 and examine their
succinctness with respect to our own goalbase languages in Section 6.3.3.

In addition to the OR/XOR family of bidding languages, some logic-based
bidding languages have been proposed. Hoos and Boutilier [2000] introduce what
they call CNF bids, which are weighted positive formulas in conjunctive normal
form, as well as extended CNF bids, where a k-of operator is introduced into the
language. (The formula k-of(S) is satisfied by any subset S’ C S where |S'| > k.)
Hoos and Boutilier’s CNF bidding language is L(CNF,R*,¥) in our terms.

Boutilier and Hoos [2001] introduce generalized logical bids (GLBs), formed as
follows: (p,w) is a bid for any good p € PS and weight w € R* U {0}, and if b,
and by are bids, then (by A by, w), (b1 V by, w), and (b @ by, w) are bids also. Let
®(b) be the formula formed by stripping all weights from a bid b. A bid will be
satisfied or not, depending on the allocation of items. Satisfaction conditions are
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defined recursively:

o(®(p), A) = {1 it A E%ﬂ'ocates p to the bidder
0 otherwise

o(®(p A1), A) = min(o(p, A),0(¢, A))
o(®(p V), A) = max(o(p, A4),0(, A))
o(P(pd ), A) =max(c(p, A),o(, A))

The value of a bid given an allocation is also defined recursively: Let W(b, A) be
the value of bid b given allocation A. Then:

Y((p,w)) = w-o(p, A),
U((by A by, w)) = U(by, A) + U(by, A) +w - o(B(by) A B(by), A),
T (b V bayw)) = U(by, A) + U(by, A) + w - o(B(by) V B(by), A),
U((by @ b, w)) = max(W(by, A), U(by, A)) +w - o (®(by) V &(bs), A).

The V and & connective differ not in their truth conditions, but in how they
combine the values of “inner” bids, which is why Boutilier and Hoos call &
“valuative XOR” (VXOR). The GLB language does not contain a logical XOR
connective, or any other nonmonotone connective.

To see how GLBs work, consider the bid ({(a, 1) A (b,1),2). This bid expresses
that the bundles {a} and {b} are worth 1, while the bundle {a, b} is worth 4 (1 each
for a and b, plus an extra 2 for their combination). Similarly, ((a,1) V (b,1),2)
gives 3 for {a} and {b}, and 4 for both, while ((a, 1) @ (b, 1), 2) gives 3 for each of
{a}, {b}, and {a, b}.

For a further discussion of auctions and bidding languages, see Sections 6.2
and 6.3.
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Chapter 3

Expressivity

3.1 Introduction

An important feature of any preference representation language is the range of
preferences which can be represented in it. This available range is known as
the expressivity of the language, and this chapter is devoted to determining the
expressivity of numerous goalbase languages.

From the point of view of the theorist, we want to know how expressive
goalbase languages are, both for their own sake and because these expressivity
results are necessary for proving succinctness results in Chapter 4. As a user of
goalbase languages, knowing the expressivity of goalbase languages can help us
choose the language which is best suited for our application. Can our language of
choice represent all functions belonging to a given class of utility functions which
interests us? Not all languages are equally expressive and not all applications
require full expressivity. Excess expressivity is often undesirable, because highly
expressive languages tend to be computationally more demanding to reason about.

We are interested in correspondence results between languages and classes of
functions. For instance, a very simple result which we present shows that the
language we obtain by restricting formulas to literals and by using summation to
aggregate weights can express all modular utility functions, and only those.

An interesting property closely related to expressivity is uniqueness of repre-
sentation. A language has the uniqueness property with respect to a given class of
utility functions if it has no more than one way of representing any function from
that class. This is an interesting property because it suggests that the language
in question is parsimonious in its expressivity. Syntactically rich languages often
lack the uniqueness property. Non-uniqueness may be considered wasteful or
useful, depending on the intended application—but from a theoretical point of
view uniqueness is a property which greatly simplifies proofs (especially those in
Chapter 4).

31
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This chapter is divided into two main parts, the first covering the expressivity
of languages using the sum aggregator, the second covering those using the max
aggregator. Within each section, we present some useful goalbase transformations,
followed by the expressivity results themselves. Most of the expressivity results
are correspondences between goalbase languages and classes of utility functions.
Our expressivity results for sum languages are summarized in Section 3.4.4 and
Figure 3.1, and in Section 3.5.4 and Figure 3.2 for max languages.

3.2 Preliminaries

We note here some properties of utility functions to which we make frequent
reference:

Definition 3.2.1 (Properties of Utility Functions). Suppose that w is a utility
function. Then:

e u is normalized iff u(@) = 0.

o u is nonnegative iff u(X) > 0 for all X.

u is monotone iff u(X) > u(Y) for all X D Y.

w is submodular iff w(X UY) < u(X)+u(Y)—u(XNY) for all X, Y C PS.

o u is supermodular iff w(XUY) > u(X)+u(Y)—u(XNY) forall X, Y C PS.

u is modular iff u is both sub- and supermodular.

w is subadditive iff u(X UY) <u(X)4u(Y) foral XNY =0, X, Y C PS.

w is superadditive iff u(XUY) > u(X)+u(Y) forall XNY =0, X, Y C PS.

u is additive iff v is both sub- and superadditive.

u is a unit-demand valuation iff u(X) = max,cx u({a}) and u is normalized.

e u is a simple unit-demand valuation iff u(X) = 1 for all X # () and u is
normalized.

For further examples of utility function properties, see [Nisan, 2006] and
[Lehmann, Lehmann, and Nisan, 2006a]. Note that modularity with normaliza-
tion is equivalent to additivity, and that (super-) submodularity together with
normalization implies (super-) subadditivity.

Additionally we, define the property k-additivity:
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Definition 3.2.2. Let PS(k) be the set of all subsets of PS with at most k
elements. A utility function u is k-additive if there exists a mapping m: PS(k) —
R such that

YCX
YePS(k)

for each set X C PS.

The k-additive functions play an important role in fuzzy measure theory [Gra-
bisch, 1997] as well as in combinatorial auctions [Conitzer, Sandholm, and Santi,
2005] and distributed multiagent resource allocation [Chevaleyre, Endriss, Estivie,
and Maudet, 2008a]. For example, if the variables in PS are used to model whether
an agent owns certain resources, then k-additive utility functions naturally model
situations where synergies among different resources are restricted to bundles of
at most k£ elements.

The k-additivity property is a generalization of another property of utility
functions, namely modularity. The 1-additive utility functions are exactly the
modular ones: For a utility function to be modular, the value it assigns to each
good must be independent of the bundle it appears in, and 1-additivity enforces
just that. Modular utility functions are interesting precisely because they are very
simple and have limited expressive power. As a result, they are frequently used in
applications, e.g., in work on modeling negotiation between autonomous software
agents [Rosenschein and Zlotkin, 1994].

Supermodularity (and its counterpart, submodularity) are widely used concepts
in the economics literature [Moulin, 1988]. The traditional assumption in economics
is that goods have decreasing marginal utility—I will be willing to pay less for the
(n+1)th ice cream cone than the nth—which is to say that buyers’ utility functions
are submodular. Similarly, nonnegativity, normalization, and monotonicity are
nearly universally assumed by economists. Unit-demand valuations are often
encountered when dealing with items where only a single one is necessary to fulfil
its purpose. (For example, the typical person has unit-demand valuations for
items like stoves and mobile phones.)

Goalbases may sometimes contain formulas which fail to contribute value to
the goalbase in any state. We call these formulas superfluous.

Definition 3.2.3 (Superfluity). A weighted formula (p,w) € G is superfluous
under aggregator F' if G = G\ {(¢,w)}.

It is easy to see that for sum languages, the only superfluous formulas are
those equivalent to L or having zero weight; for every other formula, there would
be at least one state which would change in value if it were removed. For max
languages, the picture is more complex: While contradictions are still superfluous,
it is possible for satisfiable formulas with nonzero weight to be superfluous and
for formulas with zero weight not to be. We take up the issue of superfluity for
max languages in detail in Section 3.5.1.
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Some goalbase languages have a unique way of expressing a given utility
function, while others allow for several alternative representations. Here we make
this notion of uniqueness precise:

Definition 3.2.4 (Unique Representations). A utility function u is represented
in a language L if there exists a goalbase G € L such that u = ug. A utility
function u is uniquely represented (modulo formula equivalence) in a language
L if, given a set of formulas & containing one representative formula for each
formula equivalence class in £ (except L), there is a unique goalbase G such
that For(G) C @, ug = u, and G contains no superfluous formulas. A language
L is said to have unique representations if every u represented in L is uniquely
represented.

Any language which has unique representations can be thought of as minimal
in the sense that any further restriction on permissible weighted formulas will lead
to a reduction in expressivity. Effectively this means that the set of representatives
of formula equivalence classes forms a minimal basis for the vector space in which
the goalbases live. We discuss uniqueness for sum languages in Section 3.4.2, and
for max languages in Theorem 4.5.3.

3.3 Related Work

In broad terms, the expressivity of languages has occupied mathematicians, and
logicians in particular, for quite some time. The question of whether various
figures can be constructed using only a compass and an unmarked straightedge
was a particular favorite of the ancient Greeks, and is fundamentally a question of
language expressivity. In this vein, Gauss’ celebrated proof that a heptadecagon is
constructable can be thought of as a positive expressivity result, while Wantzel’s
proof that arbitrary angles cannot be trisected shows that additional expressivity
(e.g., substituting a marked ruler for an unmarked straightedge) is needed in order
to admit such constructions. Expressivity has been a perennial issue in logic from
early in the 20th century to the present day. “What can I say in this language?”
is a natural question for logicians, and its pursuit has been fruitful. We can point
to results concerning the expressive power of quantifier logics (e.g., that there is
no first-order formula corresponding to finiteness) and the substantial literature
on correspondences between formulas in modal logic and properties of classes
of Kripke frames (Sahlqvist’s Theorem being a particularly nice example of this
[Chagrov and Zakharyaschev, 1997, Section 10.3]).

We now move closer to the topic at hand. The expressivity of some ordinal
preference representation languages has been studied by Coste-Marquis et al. [2004,
Theorem 1]. In particular, they examine the ability of eight logic-based languages
to represent classes of preorders over finite sets of objects. All of the languages
considered consist of sets of propositional formulas which are annotated with
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additional information. This additional information may be a weight, a penalty,
a priority, a distance, or a context, depending on the language. Boutilier et al.
[2004] discuss CP-nets, a graph-based language for representing ordinal conditional
preferences. Only consistent preference orders (and not even all of those) are
representable using acyclic CP-nets, though more (including some intransitive
ones) are representable if dependency cycles are allowed. Often CP-nets will
produce only a preorder, with which many linear orders are compatible. For more
about CP-nets, see Section 2.3.1.

Teong and Shoham [2005, Proposition 1] prove that MC-nets are fully expressive,
which is equivalent to one part of our Corollary 3.4.9. For a discussion of MC-nets,
see Sections 2.3.9 and 4.3.

Nisan [2006] collects numerous results on the expressivity of the OR/XOR
family of languages for representing utility functions. (These languages are
discussed in detail in Section 6.3.1.) For example, the XOR language corresponds to
the monotone utility functions, while the OR language represents all superadditive
utility functions. Several succinctness results given there also entail that particular
classes of utility functions are representable in certain OR/XOR languages.

Lehmann et al. [2006a] define a syntactic hierarchy of OR/XOR languages
which they aim to characterize. The languages defined are OS (OR of singletons),
XS (XOR of singletons), OXS (OR of XS), and XOS (XOR of OS); these are

shown to have expressivity such that
OXS ¢ GS € SM € XOS ¢ CF,

where GS is the class of gross substitutes valuations (valuations where the demand
for an item does not decrease when the prices of other items increase), SM is the
class of submodular valuations, and CF is the class of complement-free valuations
(u(X) +u(Y) > w(X UY)). Though they do not further characterize these
languages, Lehmann et al. do show that there is a large gap between GS and SM
by demonstrating that each m-item subclass of GS has measure zero in (2™ — 1)-
dimensional Euclidean space, while the corresponding m-item subclass of SM has
positive measure—which implies that XOS is a much more expressive language
than OXS.

3.4 Expressivity of Sum Languages

Throughout this section, when the aggregator function is omitted from the notation,
it is indented to be .

3.4.1 Goalbase Equivalences

Recall (from Definition 2.2.8) that two goalbases G and G’ are equivalent (G =
G') iff they generate the same utility function (i.e., ug = ug). The following
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equivalences are, for convenience, stated as they are used later in this section, and
not necessarily in their most general form.

Fact 3.4.1. Given a goalbase G, formulas @, p1, ..., o, Y, X, and weight w € R,
the following equivalences hold:

GU{(p A, w)} =GU{(p,0), (A, —w)} (3.1)
GU{(pV 9, w)}=GU{(T,w),(p,w),(pV,—w)} (3.2)
GU{(pA @V X),w)}=GU{(pA,w),(@Ax,w), (@AY AX,—w)} (3.3)
GU{(pV W Ax),w)}=GU{(pViw),(eVxw),(@VeVy-w} (3.4)
GU{(e1 A AN, w)} = GU{(mp1 V...V 2, —w), (¥, w), (—,w)} (3.5)
GU{(e1V...Vorw)}=GU{(mp1 A... A=, —w), (¥, w), (~,w)}  (3.6)
GU{(T,w)} =GU{(g, )(w, w)} (3.7)

Each of these equivalences is easily verified by considering all possible combinations
of truth values for ¢, 1, and Y.

3.4.2 Uniqueness

It is easy to see that many sum languages lack unique representations. Nei-
ther L(cubes,R,>) nor L(clauses, R, ¥), for instance, have them: The two goal-
bases {(T,3),(p,2)} and {(p A ¢,5),(p A =¢,5),(=p A ¢,3),(—p A —q,3)} define
the same utility function over PS = {p,q} in L(cubes,R,Y), while the two
goalbases {(—p,1)} and {(p V —p, 1), (p,—1)} yield the same utility function in
L(clauses,R,Y). However, two sum languages (and all of their sublanguages) do
have unique representations, namely L(pcubes,R,Y) and L(pclauses +T,R, X),
which we now set out to prove.

Theorem 3.4.2. L(pcubes, R, X)) has unique representations.

Proof. Given any utility function u, the weight of each positive cube is uniquely
determined: We must have wr = u((), because T is the only positive cube satisfied
by the model (), and furthermore wp x = u(X) — >y y wpy for any nonempty
set X. [l

The recursive definition of the weights given in the proof of Theorem 3.4.2 can
be turned into a direct rule for computing weights by using the so-called Mobius
inversion [Rota, 1964; Grabisch, 1997]:

wax = Y (D)WY, (3.8)

YCX
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As an example, consider the utility function

W) =0 (e} =2

u({a}) =1 u({a,c} =6

u({b}) =0 u({bey =0
(

u({a,b})=0 u({a,b,c})=17

over the three items a,b,c. We now compute the representation of u in
L(pcubes, R, Y) using the Mobius inversion. The pattern formed by equation (3.8)
is best seen by calculating the weight for a A b A c:

Wanbne = — U(w)
+u({a}) +u({b}) + u({c})
—u({a,b}) —u{a, c}) —u({b, c})
+u({a,b,c})
=—0+14+04+2-0-6-0+7=4
Because [{a,b, c}| = 3 is odd, the utility of odd-sized subsets of {a,b,c} is added

while the utility of even-sized subsets is subtracted. For the weights of even-length
formulas, the opposite happens:

Wanp = + U(@)
—u({a}) —u({b})
+ u({a,b})
=4+0-1-040=-1

For the remaining weights, we have

wane =+ u(0) —u({a}) —u({c}) + u({a,c}) =40 -1-2+6=3
wppne =+ u(0) —u({d}) —u({c}) +u{b,c}) =+0—-0—-2+0=—
we =—u(@) +u({a}) =-0+1=1
wy = — u(®) + u({b}) = —0+0 =
we =—u(l) +u({c}) =-0+2=
wpg =+ u(0) =+0=0

which gives us the goalbase
{(CL, 1)a (Cv 2)a (a’ A b7 _1)7 (CL e, 3)7 (b N, _2)7 (CL ANbA ¢, 4)}

Note that we omit T and b, since wp g and wj turned out to be zero.

As can be seen from our example, the Mobuis inversion is not an efficient
method of calculating weights, due not only to the fact that we have 2/PS! weights
to calculate, but also because for each weight we must sum a number of terms
exponential in the length of the formula being weighted.
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Theorem 3.4.3. L(pclauses, R, ¥) has unique representations.

Proof. Let u be any utility function represented by positive clauses with weights
wy x (with nonempty sets X C PS). Then for any Y C PS, u(Y) must be equal
to the sum of the weights wy, x for which X and Y have a nonempty intersection:

u)= ) wyx

XNY #0
= >, wyx— D, wyx
PCXCPS 0CXCPS\Y
=u(PS) — Z wy x

PCXCPS\Y

This shows that each weight wy x is uniquely determined: For singletons X = {p},
by setting Y = PS\{p} in the above equation, we obtain w, = u(PS)—u(PS\{p}).
For general sets X, using Y = PS \ X, we then obtain

wyx =u(PS) —u(PS\X) = Y wyx,

pcX'cX

which completes the proof. O

By unraveling the recursive definition of the weights given in the proof above,
we can also provide a direct rule for computing weights in £(pclauses, R, X)), similar
to the Mobius inversion:

wyx = Y (=)W (PS\Y) (3.9)

YCX

Furthermore, we have the following corollary due to the fact that no positive
clause is a tautology:

Corollary 3.4.4. L(pclauses +T,R,Y) has unique representations.

Finally, we note that having unique representations is a property which is
preserved in all sublanguages of any language having the property; hence, it
follows that many other languages not explicitly mentioned in this section, e.g.,
L(atoms, RT,X), also have unique representations.

While we can use the M&bius inversion for demonstrating that £(pcubes, R, X)
has unique representations, and a similar construct for £(pclauses, R, ¥2), it is also
possible to show this by application of a more general method. The problem of
determining whether a utility function v has a unique representation in a given
language £ amounts to examining the system of linear equations which describes
win L. A language £ has |£/=| = m distinct nonequivalent formulas, and over a
set of atoms PS there are 2/PSI = n states. Each state i € 2P° defines a constraint

aj 1wy + ... + QW = bz
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where a;; € {0,1}, depending on whether formula j is true in state i; and
b; = u(X;), where X is the set of true atoms in state i. Taken together as matrices
Ax = b, we have:

a11 Q1n wq by
21 Q2 Wa by
Am1 " Amn Wn, bm

That is, the w; are the weights, the b; are the values of the utility function, and

the a;; mark which formulas are true in which states. If n = m, i.e., if the number

of formulas in the language over PS equals the number of states over PS, then

the matrix A will be square. This makes available to us a well-known fact from

linear algebra, viz. that the determinant of the square matrix A is nonzero only

when the system has a single, unique solution [Anton, 1994, Theorem 2.3.6].
Using this, we give an alternative proof of Theorem 3.4.3:

Proof. Suppose that G' contains only positive clauses and generates u,, where
n = |PS|. We can write one constraint for each state except ), so we have 2" — 1
constraints. (The constraint for () can be omitted, since all positive clauses are
false in that case.) We have the clause \/ X for each nonempty X C PS, so
also 2" — 1 distinct nonequivalent clauses, and hence 2" — 1 variables for weights.
The coefficient matrix formed by the states and formulas will be square (2" — 1
rows and columns), so the strategy described above—proving that this matrix has
nonzero determinant—is applicable.

Enumerate the positive clauses such that the index j codes for the positive
clause p; = \/{px. | j & 2% # 0}, where ‘&’ stands for bitwise conjunction. E.g.,
07 = po V1V p2, because 7 = 20 + 2! + 22, Then, let a;; = 1 if i & j # 0, and
a;; = 0 otherwise. This sets a;; = 1 iff clause j is true in state 7. In other words,
each row of A, is a state, and the ones in a row mark the positive clauses which
are true in that state.

Now observe that A; = [1} and A, is the block matrix

0 .
A, : A,
0
Ai=10 ... 011 1
1
A, : 1
i 1 i

where 1 is a matrix of the appropriate size, with every element a 1. The additional
rows in A, ;1 (over A,) are for states in which p,,, the new variable, is true. The
middle row is the state where only p,, is true, and from there down p,, is true in
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every state. With respect to the other variables, the states in the bottom half
repeat the states in the top half. The additional columns in A, are for positive
clauses which contain p,. The middle column is for p,, the degenerate positive
clause formed by that variable alone, and the columns thereafter repeat the first
27=1 — 1 columns with p, as an additional disjunct. Therefore, the upper left and
upper right blocks repeat A, since no state there makes p,, true; the lower left
block repeats A,, since no clause there contains p,,; and the lower right block is all
ones because every state and clause there contains p,.

Clearly, det(A;) = 1. Suppose that det(A,,) # 0. To show that det(A, 1) # 0,
we will twice use the following fact about determinants of block matrices:

Fact 3.4.5. For the block matriz [2 B],

A B} — det(A) det(D — CA™'B)

det {C D

where A ism xm, Bism xmn, Cisnxm and D isn x n.

Slice A, 11 into blocks like so,

0
A= A, : A, =B
0
0 0/1 1 1
1
C= A, : 1 =D
1

and note that A = A, = A! (because the A; are symmetric about their main
diagonal). Further,

. a0 0 ... 0
CA‘Ile N ] C A T A
0 0
0 ... 0 I ... 1
D-CA'B=1-{: A, |=1]: 1-4,
0 1

where | and 1 are an identity matrix and a matrix of ones, respectively, of the
appropriate sizes.
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Next, slice D — CA™'B into blocks like so,

Al=11]1 ... 1|=VF
1

C=|:] 1-A, |=D
1

and then by Fact 3.4.5, we have that

det(D — CA™'B) = det(A") det(D’ — C'A"™'B’)

1

=det [1]det [ 1A, — [|[1][1 ... 1]
1

=det(1 —A, —1)

= det(—A,)

= —det(A,).

Applying Fact 3.4.5 a second time, we have that
det(A,;1) = det(A,) det(D — CA™'B) = —det(A,)? = —1 # 0,

which completes the induction.
Having shown that det(A,,) is nonzero, it follows that the system has exactly
one solution. Therefore GG is the unique positive-clause generator of w,,. [

The next proof demonstrates the generality of the method used in the previous
proof. Here we use block matrices to show that L£(pcubes —T,R,Y) has unique
representations. (This differs from Theorem 3.4.2 in that we omit T from the
language, in order that this proof may parallel the previous one. If T were to
be included, a similar proof could be carried out by adding to the A,, matrices a
column for the formula T and a row for the state where all atoms are false, in
order to keep these matrices square.)

Proof. Suppose that G contains only positive cubes and generates u,,. Proceed as
above. Let the coefficient matrix A,, be such that

1 ifilj=1
iy = .
/ 0 otherwise

where ‘|” is bitwise disjunction. So a;; = 1 iff the ‘on’ bits in j are a subset of
the ‘on’ bits in ¢, which can be thought of as encoding the state description for
constraint ¢, where each bit corresponds to one of the n atoms; j codes for the

cube @; = A{px | j & 28 = 1}.
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Now observe that A; = [1} and A, is the block matrix

] . ]
A, 0
0
Appr=10 ... 01 0 ... 0
1
A, A,
i 1 i

where 0 is a matrix of the appropriate size, with every element set to 0. Slice A, 11
into blocks like so,

0
A= A, : 0 =B
0
0 0|1 0 0
1
C= A, : A, =D
1
noting that
0 ... 0
CA'B=|: ¢ | =0
0

because B is a zero matrix, and so det(D — CA™'B) = det(D — 0) = det(D).
Next, slice D into blocks like so:

AN=[1]0 ... 0] =8
1

C=| A |=D
1

Applying Fact 3.4.5 to D, we have

det(D) = det(A") det(D" — C'A""'B’)
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Applying Fact 3.4.5 a second time, we have that
det(A,41) = det(A,) det(D — CA™'B) = det(A,,) det(D) = det(A,)* =1 # 0,

which completes the induction.
Having shown that det(A,,) is nonzero, it follows that the system has exactly
one solution. Therefore GG is the unique positive-cube generator of wu,,. [

This method can be used to investigate, for any language where the formulas
and states give a square matrix, whether that language has the uniqueness property.
Though calculating determinants appears much more involved, it is in fact easier
to carry out than proving uniqueness by giving a formula for computing weights.
Calculating the coefficient matrix is entirely mechanical and the number of different
ways that it may be decomposed into blocks is finite and small; once armed with
the general insight of how to proceed, it is not difficult to compute the needed
determinants and resolve whether a language has unique representations. (Note
that had det(A,) = 0, that would have been sufficient to prove that the language
in question lacked unique representations.) In contrast, finding a formula for
weights is a matter of trial and error; while the result may be more pleasing, the
process is less so.

3.4.3 Correspondences

We now address the following question: What class of utility functions can we
model using a given language? As much as possible we will strive for exact
characterization results that establish the correspondence between a natural
goalbase language and a commonly used class of utility functions.

For the next proof, and indeed much of this chapter, we will make frequent use
of the fact that whenever & C & and W C W', then U(®, W, F) C U(P', W' F).

Theorem 3.4.6. Fach of the following classes:

o U(k-pcubes, R, Y) o U(k-clauses, R, )
o U(k-cubes, R, Y) o U(k-pforms, R, X)
o U(k-pclauses + T,R, ) o U(k-forms, R, Y)

1s equal to the class of all k-additive utility functions.

Proof. Inspection of the definition of k-additivity shows that it is simply a nota-
tional variant of the language based on positive cubes of length < k: A k-additive
function can be represented by a mapping m: PSS, — R, and we can define a
bijection f from such mappings m onto goalbases G € L(k-pcubes, R, ¥Y):

feme= AN Apg,a) | m({p1, ... pi}) = o}
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Clearly m = wuy(m). That is, U(k-pcubes, R, ) is the class of all k-additive utility
functions.

Next, we show that all six languages are expressively equivalent. By language
inclusion, we have the following:

U(k-cubes, R X))  C  U(k-forms,R, %) D U(k-clauses, R, X2)
Ul Ul Ul
U(k-pcubes,R,Y) C  U(k-pforms,R, %) DO U(k-pclauses + T,R, )

Taken together, equivalences (3.1) and (3.3) from Fact 3.4.1 can be used
to transform any goalbase in L(k-forms,R,>) into an equivalent goalbase in
L(k-pcubes,R,3). (Use (3.3) to eliminate all disjunctions, then (3.1) to eliminate
all negations. While these equivalences add more formulas, they never add
longer formulas.) Thus, U(k-pcubes, R, Y) = U(k-forms, R, X)), which collapses
the leftmost four classes.

Equivalences (3.2) and (3.4) from Fact 3.4.1 can be used to transform any goal-
base in L(k-forms, R, ) into an equivalent goalbase in L(k-pclauses + T,R, ¥).
(Use (3.4) to eliminate all conjunctions, then (3.2) to eliminate all negations.)
Thus, U(k-pclauses, R, X)) = U(k-forms, R, %), which collapses the rightmost four
classes.

This completes the proof, as all six classes have been collapsed together, and
one of them has been shown to equal to the class of k-additive functions. n

The next lemma clarifies the effect that the ability to express tautologies in
a language has on the class of utility functions that can be defined. Roughly
speaking, any utility function u expressible in a language based on strictly positive
formulas must be normalized, i.e., will satisfy u(0)) = 0.

For the next proof, we make use of translations of utility functions. The (affine)
translation function ¢, shifts a utility function u such that ¢.(u(X)) = u(X) + ¢
for all X C PS. A property P is invariant under translation if, for all utility
functions u, ¢ € R, and X C PS, u has property P iff t.(u) has property P.

Lemma 3.4.7. Fixz ® as a strictly positive set of formulas and P a property of
utility functions which is invariant under translation. Then U(P,W,X) is the
class of normalized utility functions with property P iff U(® U{T}, W, %) is the
class of utility functions with property P.

Proof. (=) Suppose that U(P, W, %) is the class of normalized utility functions
with property P. First, we show that every ug € U(PU{T}, W, ) has prop-
erty P: Fix ug € U(RU{T} W, X). G\ {(T,w) | w e W} € L(®,W,X) and
SO U\ {(T,w)jwew} has property P by hypothesis. ug = t, (uG\{(T,w”wGW}), so by
invariance ug has property P.

Next, we show that every u with property P is in U(®U{T}, W,%): Fix u
with property P. The translation t,)(u) is normalized and has property P by



3.4. FExpressivity of Sum Languages 45

invariance, so t,@(u) € U(P, W, X) by hypothesis. Let G represent t,)(u) in
L(®,W,%). Then GU{(T,u(0))} € L(®U{T}, W, %) and uaugr,u@)) = U
(<) Suppose that U(®U{T}, W,%) is the class of utility functions with
property P. First, we show that every ug € U(P, W, X) is normalized and has
property P: Fix ug € U(P, W, ). Normalization follows due to ¢ being strictly
positive. GU{(T,w)} € L(PU{T},W,%) for any w € W, and by hypothesis
UGU{(T w)} has property P. ucug(Tw) = tw(ta), so by invariance has property P.
Next, we show that every normalized u with property P isin U(®, W, 3): Fix u
normalized and with property P. For any w € W, t,,(u) has property P by invari-
ance and so is in U(PU{T}, W,X). Let G represent t,,(u) in L(PU{T}, W, X).
Since @ is strictly positive, (T,w) € G. Then ue\ (1w} =t (tw(w)) = u, and so
we U@U{TYW,Y). O

Finally, it is easy to see that we have the following as a corollary:

Corollary 3.4.8. Every utility function in U(P, W,X) is normalized if ® is
strictly positive or W = {0}.

Next we explore the class of k-additive utility functions for specific values of k.
It is a well-known fact that any utility function is k-additive for some £ € N
(certainly for k = |PS]). (This is why we refer to general functions as w-additive.
See Chapter 2, note 1.) Our next result is therefore an immediate corollary of
Theorem 3.4.6.

Corollary 3.4.9. Each of the following classes:

o U(pcubes,R,Y) e U(clauses, R, )
o U(cubes, R, %) o U(pforms, R, %)
o U(pclauses + T,R,X) o U(forms, R Y)

s equal to the class of all utility functions.

Corollary 3.4.10. U(literals,R, %) and U(atoms +T,R,X) are the class of all
modular utility functions, and U(atoms, R, ) is the class of all normalized modular
utility functions.

Proof. The set of 1-pcubes is equal to the set of atoms together with T. Therefore,
by Theorem 3.4.6, U(atoms +T,R, X)) is the class of all modular functions. The
class of 1-cubes is equal to the class of literals together with T. But by equiva-
lence (3.7) of Fact 3.4.1, literals alone have the same expressive power as literals
together with T. Hence, again by Theorem 3.4.6, U(literals, R, ) is the class of
all modular functions. The fact that U (atoms, R, ) is the class of all normalized
modular utility functions follows from Lemma 3.4.7. [
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For the remainder of this section we consider languages where the set of weights
is restricted to the positive reals. Clearly, the utility functions that can be so
expressed will be nonnegative, i.e., u(X) > 0 for all X C PS. The question is
whether we can express all nonnegative utility functions in this manner.

Theorem 3.4.11. U(cubes, R* %) and U(forms, RT, %) are the class of all non-
negative utility functions.

Proof. Clearly every u € U(forms,RT,3), and by inclusion, also every u €
U(cubes, RT X)), is nonnegative. For the converse, suppose that u is nonnegative.
Then define

G= {(/\MUﬁV[,u(M)) ‘MQPS and u(M);AO}

and observe that ug = u and that G contains only positively-weighted cubes. [J

That is, general formulas as well as cubes are fully expressive over nonnegative
utility functions when weights are required to be positive. As we shall see next,
the same is not true for clauses.

Theorem 3.4.12. U(clauses,R", %) is a proper subset of all nonnegative utility
functions.

Proof. By definition, L£(clauses, RT,X) C L(forms,R™, %), so by Theorem 3.4.11,
U(clauses, RT, %) contains only nonnegative utility functions. This utility function
over PS = {p, q} demonstrates that the inclusion is strict:

u(X) = {1 X=1pa}

0 otherwise.

The following five constraints must be satisfied if a G € L(clauses, RT, %) exists
which represents w:

Wy + Wy + Wpyg + Wopyg + Wpy—g + Wpy—p = 1 (3.10)

Wy + Wg + Wpyg + Wpy—g + Wopy—g + Wpy—p = 0 (3.11)
W—p + Wq + Wpyg + Wopyg = Wopy—g + Wpy—p = 0 (3.12)
Wop + Weg + Wepyg + Wpy—gq + Wopy—g + Wpy—p = 0 (3.13)
w, > 0 for all clauses ¢ (3.14)

Together, constraints (3.11), (3.12), (3.13), and (3.14) force w, = 0 for every
clause ¢, contradicting (3.10). O

L(clauses,RT,3) seems not to characterize a natural class of functions. For
(strictly) positive formulas with positive weights, on the other hand, we do obtain
nice correspondences. Recall that a utility function w is monotone if, for all
X, Y CPS, u(X) <u(Y) whenever X C Y.
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Theorem 3.4.13. U(spforms, RT X)) is the class of all normalized monotone
utility functions.

Proof. No strictly positive formula is a tautology, so every u € U(spforms, Rt )
is normalized, and because all weights and formulas are positive, it is also monotone.

For the converse: Let u be an arbitrary normalized monotone utility function.
We construct a G € L(spforms, R, X)) for which ug = u as follows. Define a
sequence of utility functions uq, ..., u, such that

up(X) = max{u(X’') | X' C X and |X'| < k}.

In this way, u; = max,ex u({a}) and w, = u. Additionally, we define ug(X) =0
for all X, for convenience. Observe that we can use the these u; to decompose u
such that v = Y7, (ux — ux_1), and so if we can construct a goalbase for each
u, — Uug_1, then the union of those goalbases will be a goalbase for u. Hereafter, we
will abbreviate uy —ug—1 to uj. To construct Gy, a goalbase for u}, let X = () and
(Xi,... ,X(2)> be the set of size-k subsets of PS, ordered so that uj(X;) < uj(X;)

for i < 7. Then let

(%)
Gy = {(\//\Xj,u;(Xi) - UZ(Xi—1)> l<i< (Z)}

from which it can easily, though tediously, be checked that ug, = uj. (For example,
if PS = {a,b,c} and u(a) < u(b) < u(c), then Gy = {(aVbVc,u(a)), (bVe,ulb)—
u(a)), (c,u(c) —u(b))}. View items a, b, and ¢ as substitutes, but with b conferring
a bonus over a, and ¢ a further bonus over b. This is the structure which can be
seen in (G7. Higher-order G;s capture this same idea, but for sets of items larger
than singletons.)

Finally, let G = |J,_, Gx. Now ug = u, since for each k, ug, = uj and
Y p_i U = U, = u. Finally, observe that every formula in G is strictly positive;
and all the weights uj(X;) — uj(X;-1) are nonnegative by virtue of the ordering
declared over the Xj. O

Note that in the preceding theorem, we could also add nonnegative as a
property, because normalization and monotonicity together imply nonnegativity.
An application of Lemma 3.4.7 yields the following corollary:

Corollary 3.4.14. U(pforms, Rt %) is the class of all nonnegative monotone
utility functions.

Supermodularity seems not to correspond directly to a natural goalbase lan-
guage, but we can characterize a large subclass.

Theorem 3.4.15. U(pcubes, RT, X)) is the class of all nonnegative utility functions
satisfying the constraint ZYQX(—l)LX\Y' ~u(Y) >0 for all X C PS.
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Proof. That U(pcubes, RT X)) is the class of all nonnegative utility functions
satisfying >y o (=1)FWI . 4(Y) > 0 immediately follows from the fact that the
weight of any positive cube is determined by the Mobius inversion as stated in
equation (3.8). O

Note that the property corresponding to U (pcubes, RT,Y) implies nonnegativ-
ity, monotonicity, and supermodularity. Nonnegativity and monotonicity follow
from Corollary 3.4.14. For supermodularity, suppose that G € L(pcubes, R ).
Then

c(XUY)= > wpz

ZCXUY
:Zw/\z-l-Zw/\Z— Z waz + Z WA z
ZCX ZCyY ZCXny ZCXUY
Z¢XY
Zzw/\x+zw/\z— Z WA z
ZCX ZCcy ZCXnY

= UG(X> -+ UG<Y) — UG(X N Y),

which is equivalent to the supermodularity condition.

The utility function u: X +— max(1,|X|) shows that there are supermodular
utility functions which are not in U (pcubes, RT,%). As can easily be checked,
it PS = {p,q,r}, then expressing u in terms of positive cubes requires the
use of a negative weight: wprgnr = —1. The previous theorem holds also for
U(spcubes, RT, X)) if “nonnegative” is replaced with “normalized”.

Theorem 3.4.16. U(pclauses, RT X)) is the class of all nonnegative utility func-
tions satisfying the constraint Yy (=1)F\Y . u(PS\Y) > 0 for all X CPS.

Proof. Follows from the fact that weights of positive clauses are determined by
equation (3.9). O

Note that the property corresponding to U (pclauses, R™, ¥2) implies monotonic-
ity, normalization, and submodularity. Normalization and monotonicity follow
from Theorem 3.4.13. To show submodularity, let G € L(pclauses, R, 3) and let
X,Y C PS. For positive clauses ¢, X UY | ¢ together with X P& ¢ implies
Y |= ¢. Furthermore, X [~ ¢ implies X NY [~ ¢. Therefore:

[(pw) € G| XUY Fpand X ¢} € {(p,w) €G Y Epand XNY I o}

As all the weights w are positive, we immediately obtain the required inequality
characterizing submodularity, namely ug(X UY) —ug(X) < ug(Y) —ug(X NY).

An example which confirms that not all submodular utility functions belong
to U(pclauses, R, Y) is the function u: X — min(2,|X]|) for PS = {p,q,r}. On
the one hand, v is submodular; on the other we must have wpyq,» = —1 if we
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are to express u using positive clauses. The previous theorem holds also for
U(pclauses +T, R, X) if “normalized” is replaced with “nonnegative”.

The functions characterized by Theorem 3.4.15 are also known as belief func-
tions, while those characterized by Theorem 3.4.16 are known as plausibility
functions (when the functions are restricted to the interval [0, 1]) [Dempster, 1967;
Shafer, 1976].

3.4.4 Summary

Our correspondence results for sum languages are summarized in Figure 3.1. In
the figure, each node represents one language we examined, and an arrow from one
node to another indicates that the tail language is included in the head language.
Within each node, the expressivity of the language is given, according to the key
below:

1 l-additive (modular) m monotone

k  k-additive *  plausibility function
w w-additive (general) T belief function

n normalized C proper subset of

4+ nonnegative C subset of

Where C (or C) is indicated, the language represents a (proper) subset of the
class of utility functions with the given properties. In all other cases, the language
represents exactly the class of utility functions with the given properties. The
x-axis (increasing to the right) is the cubes axis, along which allowable cubes grow
from length 1 up to w; the y-axis (increasing into the page) is the clauses axis,
also running from 1 to w. The z-axis (decreasing upward) is the positivity axis
and has three steps: strictly positive, positive, and general. Each language in the
lower graph is a sublanguage of the corresponding language with general weights
in the upper graph, but we have omitted these arrows for clarity.

We have not analyzed the interplay of bounding the length of formulas and
restricting weights to positive reals in detail. By Theorem 3.4.6, any language
restricting the length of formulas to at most &£ atoms can only generate k-additive
utility functions. The opposite direction is less clear. While inspection of the proofs
of Theorems 3.4.15 and 3.4.16 show that these results extend to the k-additive
case in the expected manner, this is not so for Theorems 3.4.11 and 3.4.13. For
instance, we do not know whether U (k-cubes, Rt ) is the class of all nonnegative
k-additive functions or only a subclass thereof.

3.5 Expressivity of Max Languages

In many ways, sum is the most obvious aggregator to consider. However, there are
certain classes of utility functions—in particular, single-minded and unit-demand
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Figure 3.1: Summary of expressivity results for sum languages.
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utility functions—which are not easily captured by sum languages. We turn
now to max languages, both to exhibit languages which capture other classes of
utility function and to serve as a study of how varying the aggregator affects the
expressivity of goalbase languages.

We begin by establishing some simple results regarding equivalences between
languages, which allow us to narrow down the range of languages to be considered
in the remainder of the section. We then characterize the expressivity of the most
important (distinct) languages.

When using a max language, only the weight of the most important goal
satisfied by a given alternative matters. An example of a simple max language is
L(atoms, R, max), which allows us to assign a value to any atomic proposition and
where the utility of a state is equal to the value of the most valuable proposition
which is true in that state. The utility functions in U(atoms, R, max) are known
as unit-demand valuations (of which the aforementioned simple unit-demand
valuation is a special case) in the literature on combinatorial auctions [Nisan,
2006]. We will return to prove that U(atoms, R, max) does indeed have this
property in Theorem 3.5.10.

Throughout this section, when the aggregator function is omitted from the
notation, it is intended to be max.

3.5.1 Superfluous Goals

For max languages, some weighted goals in a goalbase may never contribute to the
utility of an alternative. Here we introduce terminology for speaking about this
kind of situation and state some simple facts about potentially superfluous goals.

Definition 3.5.1 (Properties of Weighted Goals).

o (p,w,) € G is dominated if there exists a (1, wy) € G such that ¢ = v and
Wy < Wy

o (p,w,) € G is active in a state M when M |= ¢ and for all ¢, if M =
then wy < w,.

Recall from Definition 3.2.3 that (¢, w) € G is superfluous if G = G\ {(¢, w)}.
Note that if there are no models for which (¢, w) is active, then the superfluity
condition is fulfilled vacuously, so (¢, w) is superfluous in that case.

Fact 3.5.2. Fiz (p,w,) € G, and the aggregator as max. Then:
1. If (o, w,) is dominated, then (@, w,) is never active.
If (¢, w,) is never active, then (p,w,) is superfluous.

3. 1If (p,wy) is superfluous, for every state M where (p,w,,) is active, the set
{(,wy) | M |= 1 and wy, is mazimal} is not a singleton.
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Note that superfluous does not imply never active: For example, in the goalbase

{(a,1),(b,1), (anD, 1)},

the weighted formula (a A b,1) is superfluous, but nonetheless active in the
state {a,b}.

Since superfluous formulas are useless, they may be removed without harm.
We can remove superfluous formulas from any G € L(forms, R, max) as follows:

for all (p,w,) € G do
for all (¢, wy) € G do
if w, <w, then
if = ¢ — 1 then
G = G\ {(p.w,)}
end if
end if
end for
end for

Two aspects of this algorithm are noteworthy: First, we remove superfluous
formulas one at a time. It would not be correct to remove all superfluous formulas
in one step, as superfluity is defined relative to a particular goalbase and removal
of a formula changes the goalbase. It is possible that some formulas which were
superfluous will stop being so if another superfluous formula is removed. For
example, all formulas in {(a, 1), (——a, 1)} are superfluous under max; however,
removing both produces the empty goalbase, which is not equivalent to the original.

Second, this algorithm is not efficient, as it requires a quadratic number of
calls to an UNSAT oracle; we would like to do better than a coNP algorithm. In
the next section, we will see that the only max languages which are (expressively)
interesting are based on cubes. This fact greatly reduces the complexity of
deciding whether a formula is superfluous, since deciding whether one cube implies
another is polynomial: Given two satisfiable cubes A X and AY, AX — AY is
a tautology iff the positive literals in Y are a subset of the positive literals in X
and the negative literals in Y are a subset of the negative literals in X.

By way of comparison, it is easy to see that these concepts of domination and
activity are not useful when considering sum languages. The formula (a A b, 1)
is never active in the goalbase {(a,2), (a A b, 1)}, since (a,2) dominates it (a A b
implies a, and 2 > 1), but nonetheless it is not superfluous—we cannot remove it
and retain an equivalent goalbase under the sum aggregator.

Fact 3.5.3. Under the max aggregator, if G contains no superfluous formulas
then every (p,w) € G has a state in which it is uniquely active.
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3.5.2 Goalbase Equivalences

We are interested in comparing languages generated by different types of goalbases,
in particular those generated from the following restrictions on formulas: literals,
cubes, clauses, and general formulas using both conjunction and disjunction; as
well as positive formulas and those including negation. Regarding weights, we
want to consider positive and general weights. This gives rise to 4 -2 -2 = 16
different languages. Here we establish several equivalences amongst languages and
thereby show that we actually only need to consider a subset of all the languages
that can be defined in this manner. Furthermore, if we are interested only in
monotone utility functions, then we can further reduce the range of languages to
consider.

We first show that disjunction is not an expressively helpful connective for
max languages:

Theorem 3.5.4. GU{(¢1 V...V p,,0)} Znax GU{(p;,w) | 1 <i<n}.

Proof. Fix a state X. If wy,v. vy, is not the maximum w,, such that X = 1), then
some other (¢, wy) € G is. Since wy, = Wy, v. vy, , then wy, > w,, for all i. In this
case, GG alone determines the value of the left and right goalbases.

If wy,v. vy, is the maximum wy, such that X =1, then some ¢; are such that
X k= ;. For each such ¢;, we have wy,, = Wy,v. vy, in the goalbase on the right,
and so both the left and right have the same maximum. O]

This tells us that with max as our aggregator, disjunctions as main connectives
do not contribute to a language’s expressivity. In fact, as any formula has an
equivalent representation in disjunctive normal form, this tells us that disjunction
can never increase the expressive power of a max language. In particular, from
Theorem 3.5.4 we get the following equivalences between languages:

Corollary 3.5.5. Fiz W C R. Then:
1. U(pclauses, W, max) = U(atoms, W, max),
2. U(clauses, W, max) = U(literals, W, max),
3. U(pforms, W, max) = U(pcubes, W, max),
4. U(forms, W, max) = U(cubes, W, max).

Proof. For U(forms, W, max) = U(cubes, W, max): Suppose that (p,w) € G.
Without loss of generality, assume that ¢ = ¢y V... V 4, is in DNF. By
Theorem 3.5.4, we may replace (¢ V ...V ¥,,w) by (¢1,w),..., (¢, w) and
preserve goalbase equivalence. Repeating this for each original formula in G
converts G to the language L(cubes, W, max), since each 1); is a cube and the
weights were left unchanged.
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We use the same argument for each of the other cases, noting that the same
transformation reduces a positive formula (in DNF) to a set of positive cubes, a
clause to a set of literals, and a positive clause to a set of atoms. [

The same is not true for sum languages. E.g., under summation clauses are
more expressive than literals: For W = R, clauses can express all utility functions,
while literals can express only modular functions (see Corollary 3.4.10). For each
of the equivalences in Corollary 3.5.5, there is a set of weights W which violates it
under summation.

Recall that a utility function u is called monotone if M C M’ implies
u(M) < u(M’). Monotonicity is a reasonable assumption for many applica-
tions, in particular if propositional variables are interpreted as goods. Next we
show that negation is not a helpful operation in case we are only interested in
modeling monotone functions.

Theorem 3.5.6. Fix G. Let X be a set of positive literals, and X~ a set of
negative literals, such that no atom appears in both. If uguyp x+Ux-w)}max 1S
monotone, then

Gu{(AXtUX " w)} = GU{(AXF )}

Proof. There are two cases to consider: states which are supersets of X, and
states which are not.

e Write u for uguga x+ux-w)}max- In states M 2 X7, we have that M =
A\ XT. Tt must be the case that u(M) > w because u(X ) > w and u is
monotone. Therefore, substituting (A X', w) for (A X+ U X, w) cannot
change the value of state M, since the value in M is already at least w.

e In states M 2 X+, we have that both A X* U X~ and A X1 are false,
and so cannot be active. Thus substituting (A X, w) for (A X+T U X", w)
cannot change the value at M, as inactive formulas do not affect the value
of a utility function.

Therefore, in all states M we have that
UGUIA X +UX ) bmax (M) = UGUIA X+,w)}max(M).
O

The following result shows that we can further reduce the range of languages to
consider if we limit ourselves to monotone utility functions. It follows immediately

from Theorem 3.5.6 and Corollary 3.5.5. (Note that A0 = T.)

Corollary 3.5.7. Let MONO be the class of monotone utility functions. Fix
W C R. Then:

1. U(clauses, W, max) N MONO = U(atoms +T, W, max) N MONO.
2. U(forms, W, max) N MONO = U (pcubes, W, max) N MONO.
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3.5.3 Correspondences

Corollary 3.5.5 tells us that the interesting languages, expressivity-wise, are those
based on cubes, positive cubes, literals, and atoms. We prove that cubes are
expressively complete for the full range of utility functions and that positive cubes
correspond to the class of monotone functions:

Theorem 3.5.8. U(cubes, R, max) is the class of all utility functions.

Proof. Given a utility function wu, define

¢ ={(AXU-X.u(x)) (X c s}

Since the formulas are the states, and as such are mutually exclusive, exactly one
weight will be active in each state, and so u(X) = ug(X). O

Theorem 3.5.9. U(pcubes, R, max) is the class of monotone utility functions.

Proof. (=) Suppose that G € U(pcubes, R, max) but us is not monotone. So there
are states M C M’ such that ug(M') < ug(M). Then there is a (¢, ug(M)) € G
which is active in M such that M = ¢ but M’ |~ ¢. Since M’ D M, then there is
some a € M'\ M for which ¢ |= —a. Therefore, ¢ is not a positive formula, which
contradicts the hypothesis that ¢ is a pcube.

(<) If uw is monotone, then let G = {(A X,u(X)) | X € PS}. Note that for
Y CX,uY)=wpry <wpx =u(X) follows directly from the monotonicity of w.
In state X, ug(X) = max{wpy | Y € X} = wp x. Hence ug(X) = u(X). O

The class of unit-demand utility functions has no simple corresponding sum
language, but does have a corresponding max language:

Theorem 3.5.10. U(atoms, R, max) is the class of unit-demand utility functions.

Proof. Suppose that u is a unit-demand valuation, which by definition means
that w(X) = max,ex u({a}). Construct a G € U(atoms, R, max) such that
G ={(a,w) | a € PS,u({a}) = w}. Then

w(X) = maxu({a}) = max w =g max(X)

Conversely, suppose that G € U(atoms, R, max), and note that the same series of
equivalences holds. O

We are not aware of a property of utility functions referred to in the literature
which would characterize U(literals, R, max). The desired property is a general-
ization of the unit-demand valuation that also allows us to specify a value for not
receiving a particular item.
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By restricting the set of weights W we can capture classes of utility functions
with a particular range. U(pcubes, RT, max), for instance, is the class of nonneg-
ative monotone functions. This class is known to be equal to U (pforms, R, ¥)
(see Corollary 3.4.14).} This is a case where a syntactically simple language is
more expressive with max than with sum.

On the other hand, some very simple classes of utility functions are hard to
capture in structurally simple languages using max aggregation. For instance, recall
that a utility function w is called modular iff u(MUM') = u(M)4+u(M")—u(MNM’)
for all M, M’ € 2P, Modular functions are nicely captured by U (literals, R, Y)
(see Corollary 3.4.10). However, there is no natural restriction to formulas that
would allow us to characterize the modular functions under max aggregation. On
the contrary, among the max languages considered here, only L£(cubes, R, max)
can express all modular functions, and this language is so powerful that it can
actually express all utility functions.

In particular, L(k-pcubes, R, max) misses some modular utility functions when
k < |PS|: Suppose that u is modular and nonnegative, and at least k + 1
singleton states {p1},...,{pk+1} have nonzero value. Then there is no G €
L(k-pcubes, R, max) such that u({p1,...,pxs1}) = uc({p1,...,pr+1}), because
uc({p1,---,Pry1}) is the weight of some k-pcube (because max is our aggregator)
and by assumption if X C {py,...,prs1} then w(X) < u({p1,...,prr1}). The
same modular utility functions are missing from L£(k-cubes, R, max), due to the
fact that the addition of negation to the language is not helpful for representing
monotone utility functions (see Theorem 3.5.6). As a result, we have the following:

Theorem 3.5.11. For all k > j, U(k-pcubes, W, max) DO U(j-pcubes, W, max)
and U (k-cubes, W, max) D U(j-cubes, W, max).

3.5.4 Summary

Our correspondence results for max languages are summarized in Figure 3.2. In
the figure, each node represents one language we examined, and an arrow from one
node to another indicates that the tail language is included in the head language.
Within each node, the expressivity of the language is given, according to the key
below:

w w-additive (general) m monotone
+ nonnegative u  unit-demand
T general unit-demand C proper subset of

Where C is indicated, the language represents a proper subset of the class of
utility functions with the given properties. In all other cases, the language

!To be precise, U(pcubes,RT, max) = U(pforms, R, %) over total functions only. Because
the max languages can also express partially defined functions returning —oo for some states
while sum languages cannot, if we expand our consideration to partially-defined utility functions,
then U(pcubes, RT, max) D U(pforms, RT,¥).
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Figure 3.2: Summary of expressivity results for max languages.

57



58 Chapter 3. Expressivity

represents exactly the class of utility functions with the given properties. The
x-axis (increasing to the right) is the cubes axis, along which allowable cubes grow
from length 1 up to w; the y-axis (decreasing into the page) is the positivity axis
and has two steps: positive and general. Each language in the lower graph is
a sublanguage of the corresponding language with general weights in the upper
graph, but we have omitted these arrows for clarity. Note that several languages
do not appear in the figure due to being expressively equivalent to some language
which does appear there. For max languages, this is due to the fact expressed in
Corollary 3.5.5, namely that disjunction does not contribute expressivity to max
languages.

3.6 0Odds and Ends

In this section, we present two results which fit nowhere else, both of which bear
on how weights affect expressivity. The first is the observation that the weights
can be limited to the range of the representable utility functions if every state
formula is in the language:

Theorem 3.6.1. If ® contains all state formulas and F € {3, max}, then
U(D, W, F) contains every utility function u such that ranu C W.

Proof. Let G = {(AN(M U-M),u(M)) | M C PS}. Clearly ugr = u and
G € L(D, W, ), since each formula in G is a state formula, and only weights in
W are used. O]

Next, we examine the relationship between integer-valued utility functions and
noninteger weights:

Theorem 3.6.2. Ifugy: 275 — Z and G is minimal and contains any noninteger
weight, then G contains at least three noninteger weights.

Proof. If G contains exactly one noninteger weight, w; from (¢, w;), then if
M = o1, ugx(M) ¢ Z, so if there are any, there must be at least two noninteger
weights. If (o2, ws) € G and wy ¢ Z, then by minimality of G we know that
1 and 9 are not equivalent, and so there must be a state M such that either
M E o1 A~y or M = =1 A ¢o. Hence if w; and wy are the sole noninteger
weights, ug s (M) ¢ Z. Therefore, if G contains any noninteger weights, it must
contain at least three of them. O

While we would like to continue the proof as an induction to show that no
finite number of noninteger weights suffices, and hence no minimal representation
of an integer-valued utility function will use noninteger weights, we cannot do
so, for the following reason: By minimality, we know that the formulas in G are
pairwise nonequivalent, and hence this gives us the needed model where exactly
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one formula with a noninteger weight is true. But pairwise nonequivalence does
not guarantee that for three formulas we can find a model which makes one of the
formulas true and the other two false, and hence we do not find the needed model.

We expect that minimality does in fact entail that no noninteger weights are
needed to represent integer-valued utility functions. For example, consider the
goalbase {(T, 1), (a,1),(—a,3)}, which represents u(X) = 1 using the minimal
number of noninteger weights, but is itself clearly not minimal.

3.7 Conclusion

In this chapter we have characterized the expressivity of nearly all natural sum
and max languages. The sum languages correspond to a wide variety of classes
of utility functions, ranging from full (e.g., L£(forms,R,X)) to rather limited
(e.g., L(atoms, R, ¥)) expressivity, with a great many alternatives between (e.g.,
L(k-cubes,R,Y)). The max languages are bipolar in their expressivity—there
are fully-expressive languages (e.g., L(cubes, R, max)), extremely circumscribed
ones (L(atoms +T,R* max)), and nothing in the middle. (The k-languages,
which occupy the middle for sum, appear to have hardly more expressivity than
atoms or literals for max.) There are sum or max languages corresponding to
many common classes of utility functions, so it is likely that an appropriately
expressive one may be found for any desired application. Additionally, we have
demonstrated that some languages, such as L(pcubes, R, 3), L(pclauses, R, Y), and
their sublanguages, have unique representations for all utility functions which are
representable in them.






Chapter 4

Succinctness

4.1 Introduction

In this chapter, we consider how space-efficient languages are, both in absolute
terms and relative to one another. This space-efficiency is known as succinctness.
As with expressivity, the succinctness of a language is an important feature to
consider when selecting the most suitable language for any application. The more
succinct a language is, the less data will need to be conveyed and stored; on the
other hand, we pay for high succinctness with increased computational complexity
when we want to run queries on goalbases, as we shall see in Chapter 5.

Here we present several kinds of results. After introducing the definitions and
notation necessary for talking about succinctness (Section 4.2), we consider related
work (Section 4.3). In Section 4.4, we present many relative succinctness results
for sum languages, grouped according to the methods used to prove them. For
the impatient, a summary of all known succinctness results involving pairs of sum
languages appears in Table 4.1. In Section 4.5, we do the same for max languages,
though here the features of the max aggregator permit us to give some absolute
succinctness results as well. Finally, in Section 4.6 we prove some succinctness
results for pairs of languages where one uses max as its aggregator and the other
sum, in order to give some insight into how the two families of languages compare.

4.2 Preliminaries

In this section, we define succinctness and present some basic, aggregator-indepen-
dent facts about the succinctness relation. Because succinctness is a size notion,
we must first specify how to measure the sizes of formulas and goalbases.

Definition 4.2.1 (Formula Length and Goalbase Size). The length of a formula
@ is the number of occurrences of atoms it contains. The size of a weighted goal
(p,w) is the length of ¢ plus the number of bits needed to store w (that is, logw
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bits). The size of a goalbase G, written as size(G), is the sum of the sizes of the
weighted goals in G.

Observe that the size of a goalbase may differ from its cardinality: If G =
{(aND,1)}, then size(G) = 2 (or 3, if we are not neglecting the bit used for storing
the weight) while |G| = 1.

Often we consider families of utility functions {u, },en, where for each n we
have that |PS| = n. Suppose that we have a corresponding family of goalbases
{Gp}nen for which u,, = ug, . Unless the number of bits required to represent the
weights in G, grows superexponentially in n, the size contributed by the weights
can be safely ignored when considering how size(G,,) grows with n. Every family
of utility functions considered here has weights which are independent of n, so we
disregard the size of the weights in our succinctness results. (Superexponential
growth in weights affects all languages equally.)

Frequently one language contains shorter representations of some utility func-
tions than does another language. Here we offer a definition of relative succinctness
to make this notion precise. This definition is similar to ones given by Cadoli,
Donini, Liberatore, and Schaerf [2000] and Coste-Marquis et al. [2004]. Because we
wish to compare languages which differ in expressive power, we define succinctness
over only the expressive overlap of the languages being compared. This leads
to some counterintuitive results for languages with little expressive overlap and
makes the comparative succinctness relation intransitive, but it also permits us to
make comparisons where the expressive overlap is substantial, though not total.

Definition 4.2.2 (Succinctness). Let £(®, W, F') and L(W, W', F’) be goalbase
languages and U a class of utility functions for which every member is express-
ible in both languages. Then L(®,W,F) =y L(V, W', F') iff there exists a
function f: L(®, W, F) — L(V,W' F’) and a polynomial p such that for all
G e L(®,W,F),if ugr €U then ugr = upq),r and size(f(G)) < p(size(G)).

Read £ <y L' as: L is at least as succinct as £ over the class &. When £’
is strictly more succinct than £—that is, in no case are representations more
than polynomially worse, and in at least one case, they are super-polynomially
better in £'—we write £ <y £'. When we have nonstrict succinctness in both
directions, we write £ ~; L£'; when we have nonstrict succinctness in neither
direction, i.e., incomparability, we write £ 1; £'. Whenever a succinctness
relation appears unsubscripted (i.e., without an explicit class of comparison),
then implicitly U = {ugr | G € L} N{ue | G' € L'}, which is the ezpressive
intersection of £ and L.

This definition of succinctness is a generalization of those given by Chevaleyre
et al. [2006] and Uckelman and Endriss [2007]. The definition from the former
does not permit comparison of languages which differ in expressive power, while
the latter fixes the class of comparison U as the expressive intersection of the two
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languages. Later in this chapter, in Section 4.6, we illustrate some circumstances
in which being explicit about the class of comparison is important.

Finding the succinctness relation between some pairs of goalbase languages is
trivial, as when one language in a pair is a sublanguage of the other, or when the
two languages have no expressive overlap. These cases can be dismissed without
argument. Recall from Definition 3.2.4 that a goalbase language may have unique
representations: If a utility function is representable in the language, then there is
exactly one representation of it in the language. If £ has unique representations
and L % L' is true, then we can show that £ # L' as follows:

Proof strategy. We present a family of utility functions U, and construct a (small-
ish, but not necessarily optimal) representation G’ € L' for each u € U. Then,
we construct a representation G € L for each u € U where at least one G, is
exponentially larger than its corresponding G!,. Because we know that £’ has
unique representations, we know that we can’t find a smaller (or any other!)
representation of u in £, so we have shown that £ % L. m

This is a handy proof strategy, one which we shall make use of many times in this
chapter.

Here we state some basic properties of the succinctness relation, which we use
frequently in our proofs, often without reference.

Fact 4.2.3. For all languages L1, Lo, L3:
1. [fﬁl Qﬁg, then ,Cl jﬁg
2. ]f El j ;CQ and ,Cg Q Ll, then ,Cg j EQ.

co

]fﬁl C Ly CLyand L1 < Ly =X £3, then L1 < Ls.
[f£1 1 EQ and £1 U £2 g £3, then El,ﬁg < £3.

Al

If £1 ~ £2 and Z/{(ﬁl) = U(EQ), then El ® £3 Zﬁ EQ ® L3, where ® €
{Nat7>'aja'<7j—}'

Note that Fact 4.2.3.2 is useful contrapositively also, for deriving A results
for superlanguages. For Fact 4.2.3.3, it would be inadequate to require that
L1 =X Ly < L3 instead, since it could happen that L£; is too small to represent the
utility functions which cause Lo < L£3. Fact 4.2.3.5 expresses the notion that if
two languages are equal in succinctness and expressivity, then they stand in the
same succinctness relation with any third language.

Now we derive a simple succinctness result which applies to all languages which
permit formulas of no more than a fixed, finite length.

Theorem 4.2.4. For any fixed k € N, arbitrary set of formulas V, and arbitrary
sets of weights W, W' and aggregator F: If ® C k-forms, then L(®, W, F) =
LV, W' F).
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Proof. There are only O(n*) formulas of length k or less, and so any utility function
u representable in £(®, W, F') cannot have a representation more than polynomially
larger than the best one in L(forms, R, F'). Hence, L(®, W, F') = L(forms,R, F').
Furthermore, L(forms, R, F) O L(¥, W' F), so by Fact 4.2.3.2 we have that
L(O,W, F)»= LV, W' F). O

As a consequence, any two languages with bounded-length formulas and the
same aggregator are equally succinct over their expressive intersection.

Absolute succinctness, as its name implies, is not comparative. Rather, it
deals with the size of a the smallest goalbase in a language which will represent a
given utility function. To make smallest precise, we give a definition of goalbase
minimality:

Definition 4.2.5. A goalbase G € L is minimal if for all G’ € L such that
G’ = G, size(G) < size(G').

The difficulty of recognizing whether G is minimal, or of finding a G which
is a minimal representative of some utility function u, is strongly dependent on
what £ and u are. In the general case, formulas in a minimal goalbase will be
pairwise nonequivalent, but this is not a sufficient condition for minimality. For
some languages (such as L(atoms, R, ¥)) and some classes of utility functions (e.g.,
modular) we can detect minimality and generate minimal representations easily,
while for many richer languages how to do this is unobvious or unknown.

For max languages, in a minimal goalbase no formula is implied by any formula
with a smaller or equal weight; for sum languages, formulas in a minimal goalbase
will be pairwise non-equivalent.

For certain languages, due to the limited length of formulas which may appear
in minimal goalbases, it will be the case that we need not distinguish between
growth of size(G) and growth of |G].

Theorem 4.2.6. Let L be a goalbase language. For each n € N, let ¢, be the
longest formula in L in n variables with no shorter equivalent. Then if there is
a polynomial p such that size(p,) € O(p(n)), it follows that for all families of
minimal goalbases {G, }nen C L, size(G,,) is polynomial in n iff |G| is polynomial
inn.

Proof. (=) This direction is obvious, since it is impossible to form exponentially-
many formulas from polynomially-many atom instances.

(<) Suppose that |G| = p(n) is a polynomial. The longest formula ¢, in £
in n variables has size(y,) = ¢(n), for some polynomial g. The worst case is that
each of the p(n) formulas in G,, has size g(n), for a total size of p(n) - ¢(n), which
is still polynomial in n. O]

In particular, this means that size(G) and |G| are interchangeable in terms
of growth in |PS| for languages such as L(cubes, W, F') and L(clauses, W, F'), but
not necessarily for languages such as L(forms, W, F').
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4.3 Related Work

Before proceeding to our results, we wish to point out some work which is relevant
for language succinctness, as here there is much more in the literature which
appears applicable to the problem at hand than there was in the previous chapter.
The succinctness of representations in various languages, broadly speaking, has
by now a rather long history, insofar as any problem can be said to have a long
history in the still-young field of computer science.

Succinctness of representation plays an important role in complexity theory.
The hardness of decision problems and runtime of algorithms is specified as a
function of the size of their inputs (e.g., an O(n?) algorithm will, in the worst case,
require a number of steps quadratic in the length of its input). As such, there is a
trade-off between the succinctness of the input for and worst-case hardness of a
given problem—the shorter the input, the fewer steps we may take to process it
and still remain within the realm of tractability. The canonical example of this
is representing input in unary instead of binary. Because the “tally” language
is exponentially less succinct than binary, we have exponentially more time in
which to process inputs in unary. An input with n binary digits will have O(2")
unary digits, while an O(2") operation on that input in binary will be only an
O(n) operation on the same input in unary.

Succinctness has appeared in the study of Boolean circuits under the guise of
circuit size. There is an enormous literature on Boolean circuits, in part due to
the now-dashed hope that circuit complexity could shed light on whether P = NP.
A cursory examination of Wegener’s book on Boolean circuits [Wegener, 1987]
reveals a wealth of results regarding upper and lower bounds on the size of Boolean
circuits for computing various Boolean-valued functions. Because propositional
formulas are themselves Boolean circuits, and likewise goalbases can be thought
of as Boolean circuits with the aggregator as the output gate, results in this
area are prima facie highly relevant for comparing the succinctness of goalbase
languages. Unfortunately, the concerns of researchers working on Boolean circuits
seem largely orthogonal to ours, as the properties which were investigated (such as
bounded depth, bounded fan-in and -out) do not map neatly onto the properties
which interest us. Nonetheless, we do make use of a circuit size result in our proof
of Theorem 4.4.13 in this chapter.

There is also a significant literature on the effect that preprocessing may
have on the complexity of decision problems. The general idea here is that some
problem instances may have enough overlap that an advantage may be gained
by preprocessing (“compiling”) the common data. There is no limit on the time
which may be spent in the compilation phase, only on the size of the compiled
output, as compilation of the fixed part of the input is considered to happen
offline. If the remaining decision problem, after compilation, is in a complexity
class C, then the original problem is said to be C-compilable. Liberatore [2001]
gives a thorough discussion of these notions. Most of the results there are negative,
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showing that various problems are ~~C-hard (i.e., they are C-hard even after
permitting unlimited preprocessing time on the fixed part of the problem).

In particular, Darwiche and Marquis [2004] give compilation results for propo-
sitional weighted bases, which are the penalty-logic version of our goalbases. The
decision problems considered there, MODEL CHECKING and CLAUSAL INFERENCE,
are not obviously applicable to our framework, as Darwiche and Marquis interpret
their sets of weighted formulas as representing ordinal preferences, not cardinal
preferences. Similarly, there are a great many succinctness results given by Coste-
Marquis et al. [2004] for various ordinal preference notions, when represented using
weighted propositional formulas. Here again, it is not clear whether or how these
results might be applicable to our goalbase languages, as in these cases goalbases
are being used to generate preorders, while in our case we are generating utility
functions. Further work on knowledge base compilation may be found in [Cadoli,
Donini, Liberatore, and Schaerf, 1996, 1999a; Cadoli, Palopoli, and Scarcello,
1999b; Cadoli et al., 2000; Cadoli, Donini, Liberatore, and Schaerf, 2002].

Though there are dissimilarities between using goalbases in ordinal and car-
dinal contexts, the compilation literature nonetheless points us towards strict
succinctness proofs of the following sort:

Proof idea. Suppose that for the language £, the decision problem BIPARTITE
AARDVARK COLORING is C-hard, but is known to be a member of the easier C’
class for another language L£5. Therefore, we know that if there were a polytime
translation from £ to L5, then we could decide BIPARTITE AARDVARK COLORING
for £ much faster by translating our input into £, first and deciding BIPARTITE
AARDVARK COLORING there instead. Because the C-hardness of BIPARTITE
AARDVARK COLORING for £; makes this is impossible, we conclude that there
can be no polytime translation of £; into L,. O

The careful reader will notice that this proof idea is a dead end for us: It rules
out a polytime translation from the harder language into the easier, but not a
polysize translation. It follows from the impossibility of a polysize translation
that £, > Lo, but no such thing follows from the impossibility of a polytime
translation. It might well be the case that constructing a polysize translation
involves iterating over all 2/7S! states for some goalbases. Compilation could
help us here, by moving the translation step into the fixed part of the problem.
Coste-Marquis et al. [2004, Table 1] report that this method works for ruling
out polysize translations between some of their ordinal preference representation
languages. However, we have yet to find any decision problem and pair of goalbase
languages with the required properties to make this possible, and hence we do not
use this approach for proving any of the strict succinctness results in this chapter.

Probably closest to the contents of this chapter is the work of Wachter and
Haenni [2006] on propositional directed acyclic graphs (PDAGs). A PDAG is a
rooted DAG consisting of A (AND), v (OR), and ¢ (NOT) nodes, and leaf nodes o
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labeled with propositional letters or constants (T, L). In other words, a PDAG is
a Boolean circuit composed of AND, OR, and NOT gates. Wachter and Haenni
give a succinctness definition nearly the same as the one used by Chevaleyre et al.
[2006], and proceed to prove equi- and strict succinctness results for several classes
of PDAGs, in some cases relying on knowledge compilation results of Darwiche
and Marquis [2002]. Comparing the succinctness of one class of PDAGs to another
is almost the same as comparing two classes of goalbases where every goalbase
contained in each class is of the form {(¢, 1)}, the difference being that PDAGs
may have a succinctness advantage over formulas which contain many copies of
the same subformula, as a single subPDAG may have multiple parents. Wachter
and Haenni [2006, Definition 2] constructed 15 sublanguages of the full PDAG
language by considering PDAGs having combinations of four circuit properties—
namely, flatness, decomposability, determinism, and simple-negation. Flatness
limits circuit depth, decomposability and determinism concern overlap between
subformulas, and simple-negation limits application of negations to subformulas
which are atoms. While these properties are useful when considering DAGs, they
are not natural properties when working with formulas: The languages we studied
are those formed by simple restrictions on formula structure; as it happens, none
of these exhibit decomposability or determinism. All of our languages except
those based on general formulas have the simple-negation property, but they are
all proper sublanguages of the language containing all simply-negated formulas.
Which of our languages are flat depends on whether AND and OR gates are
permitted to have arbitrary fan-in, or a fan-in of exactly 2, as in propositional
formulas. With arbitrary fan-in, all of our cubes and clauses languages are flat;
with a fan-in of 2, only languages up to 3-formulas are flat.! However, regardless
of the fan-in, the set of all flat formulas corresponds to none of the sets of formulas
we examined. While it would be interesting to consider flat, decomposable,
deterministic, and simply-negated goalbase languages in order to see which results
carry over, the complexity of the restrictions on formulas they impose puts them
beyond what might be usable by people, say for preference representation in
voting or auctions. This is not to say that they might not be usable by computer
agents—they might very well be, and deserve some consideration in future work.

Ieong and Shoham [2005] introduce marginal contribution nets (MC-nets) as a
way of modeling coalitional games with transferable utility. A coalitional game
with transferable utility (N,v) is a set of agents N and a valuation function
v: S € N — R which indicates the value of any coalition S to its members. (The
game specifies only how much utility a coalition receives, not how its members
should divide it; this is what distinguishes a coalitional game with transferable
utility from one without.) An MC-net is a set of rules of the form ¢ — w,

!This is because the cube a A (b A (c A d)) has a depth of 3. Note also that it makes no
difference that this cube could be rebalanced as (a A b) A (¢ A d) and thereby made flat, since
flatness is a property of the language as a whole, not just of the flattest members of each
equivalence class.
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where ¢ is a cube and w € R. A rule ¢ — w is said to apply to a coalition S
iff all of the positive literals in ¢ are members of S and none of the negative
literals in ¢ are members of S; the value of a coalition S is the sum of weights
of all rules which apply to S. It is easy to see that the language of MC-nets is
exactly L(cubes, R, ¥) in disguise. Ieong and Shoham [2005, Section 3.1] prove one
succinctness result which we prove independently here as part of Theorem 4.4.8,
namely that L£(cubes, R, ¥) = L(pcubes, R, ¥); furthermore, they prove that MC-
nets are strictly more succinct [leong and Shoham, 2005, Propositions 2-3] than
the multi-issue representation of coalitional games of Conitzer and Sandholm
[2004], and are at least as succinct [leong and Shoham, 2005, Proposition 4] as the
weighted graphical games of Deng and Papadimitriou [1994]. Elkind et al. [2009]
further generalize basic MC-nets to general MC-nets, by additionally permitting
arbitrary Boolean connectives in their rules. We discuss two of their succinctness
results in Section 4.4.4.

Finally, we note the existence of various absolute succinctness results for the
OR/XOR family of languages, which are commonly used as bidding languages in
the combinatorial auctions literature. Many of these results exhibit rather precise
bounds. For example, Nisan proved that the OR-of-XORs language can express
any downward-sloping symmetric valuation on m items using no more than m?
atomic bids [Nisan, 2000, Lemma 3.4] and that the monochromatic valuation on
m items requires at least 2™/%*! atomic bids [Nisan, 2000, Theorem 3.5]. These
results, and others, are surveyed by Nisan [2006]. We recapitulate two of Nisan’s
succinctness results much later, in Section 6.3.3, when we discuss the relative
succinctness of goalbase languages and the OR/XOR languages.

4.4 Succinctness of Sum Languages

In this section, we give succinctness results for many pairs of sum languages.

4.4.1 Some Basic Succinctness and Equivalence Results

Many succinctness and equivalence results can be arrived at merely by knowing
the expressivity of the languages being compared and the basic properties of the
succinctness relation contained in Fact 4.2.3.

From Theorem 4.2.4, it follows that all k-languages are pairwise equally succinct.
For example, L(k-spcubes, R, ) ~ L(k-forms, Rt ).

Next, we establish the relationships between positive and strictly positive
languages:

Lemma 4.4.1. If ® is a strictly positive set of formulas, then L(®, W, %) ~
LOU{T} W, %).
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Proof. By inclusion, L£(®,W,%) < L(®U{T},W,X). For the converse: Fix
Ge LPU{T} W, X). If G does not contain T, then G € L(P, W, X) also. If G
contains T, combine all occurrences (T,w;),...,(T,wg) into a single weighted
goal (T, Zle w;). If Zle w; = 0, then remove T to again produce a goalbase in
both languages. If instead T now has nonzero weight, then ug is not representable
in £L(®, W, ), since ug is not normalized and by Lemma 3.4.7 only normalized
utility functions can be represented using strictly positive formulas (let P be the
null property). Therefore, any u representable in both languages has exactly the
same representations in both. [

Here we take advantage of unique representations to show that there is no
difference in succinctness between the positive and strictly positive versions of
several languages:

Theorem 4.4.2.

1. L(pforms, W, %) ~ L(spforms, W, ),
2. L(pcubes, W, X)) ~ L(spcubes, W' %), and

3. L(pclauses +T, W, %) ~ L(pclauses, W' ).

Proof. When W = W’ the result is a direct consequence of Lemma 4.4.1, giving
us the first equivalence. By Theorem 3.4.2, L(pcubes, R, ¥) has unique repre-
sentations, from which follows that its sublanguages do also, and so any utility
function representable in both L(pcubes, W, ¥2) and L(spcubes, W', ¥) has the same
representation in both, yielding the second equivalence. By Corollary 3.4.4, the
same holds for L(pclauses +T, W, %) and L(pclauses, W' %), giving the third
equivalence. [

The languages L(spcubes, RT,3) and L(pclauses, RT, X)) are equally succinct
due to their limited overlap.

Theorem 4.4.3. L(spcubes, R*, ) ~ L(pclauses, R, X).

Proof. Every utility function expressible in L(spcubes, RT,Y) is supermodular,
while every utility function expressible in £(pclauses, R, ¥) is submodular. Let u
be such a utility function. The only nonnegative utility functions which are both
supermodular and submodular are modular, and so the spcubes representation
of u is in 1-spcubes and the pclauses representation is in 1-pclauses. Since 1-
spcubes and 1-pclauses are just atoms, u has the same representation in both
L(spcubes, RT, %) and L(pclauses, R, X). O

We conclude this section on basic succinctness with an absolute result for
L(atoms, W, %).
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Theorem 4.4.4. If G € L(atoms, W, X)) and contains no duplicate formulas, then
there is no other G' € L(forms, R, %) such that G =x G’ and size(G') < size(G).

Proof. Fix a G € L(atoms,W,3). Suppose that some G’ € L(forms, W' %)
distinct from G is such that G =5 G'. Because G contains only atoms and no
duplicates, the only way in which G’ could be smaller than G is if G’ entirely
omits some atom p which occurs in G (as (p,w)). Because ugy is modular, we
have that ug »({p}) = w, and because G is minimal in L£(atoms, W, %), w # 0.
Notice that M = ¢ is equivalent to M U {p} = ¢ when p is not a subformula
of ¢. Therefore, since p does not occur as a subformula of any formula in G’, for
every state p ¢ X it will be the case that ug 5(X) = ue »(X U {p}). Therefore,
ue x(0) = ue = ({p}), while ug x(0) = 0 # w = ug x({p}), which contradicts the
hypothesis that G =5 G'. m

In other words, the optimal representations for all nonnegative modular utility
functions are the obvious ones in L(atoms, W, %).

4.4.2 Equivalence via Goalbase Translation

It is sometimes possible to show that two languages are equally succinct by
applying a size-preserving translation to the goalbases in both directions. The
following lemma shows that a broad range of languages—those languages which
sit between cubes and the union of cubes and clauses, or between clauses and the
union of cubes and clauses—are equally succinct. Afterwards, we use this to prove
Theorem 4.4.6, which shows that L£(cubes, R, ¥) ~ L(clauses, R, X).

Lemma 4.4.5. Let ® and ¥ be sets of formulas. If the following conditions hold,
e O DO cubes or ® DO clauses,
e U D cubes or ¥ D clauses,
e UV C cubesU clauses,

then L(®, R X)) ~ L(V, R, X).

Proof. Suppose that G € L(®,R,Y). Enumerate (p;, w;) € G. We construct an
equivalent goalbase G'. Let

Go=G
G {(Gi \ {(ei, wi)}) U{(=ps, —wi), (T, wi)} ifp; ¢ W
i+l =

G; otherwise

and let G' = G‘G‘.
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The transformation produces an equivalent goalbase: By equivalences (3.5)
and (3.6) from Fact 3.4.1, G; = Gipq foralli,so G =G =Gy = ... = G|g-1 =
G =G

The transformation produces a goalbase in the appropriate language: Suppose
that ¢ € . The set ¥ contains at least every clause or every cube. If ¢ is a
clause, then —¢p is (equivalent to) a cube, and vice versa. Hence at least one of
¢ and —¢ are in W. T is both a cube (A () and a clause (pV —p), so T € ¥
regardless. Thus G’ € L(V, R, ¥).

The transformation produces a goalbase as succinct as the original: If ¢ is a
cube, then ¢ requires the same number of atoms and binary connectives as as —p
(written as a clause); similarly, if ¢ is a clause. The only increase in size between
G and G’ can come from the addition of T, so we have that |G'| < |G|+ 1.

Therefore, L(®,R,¥) = L(V,R,X). By the same argument £(®, R, ¥) <
LV, R,3). So L(P,R,X) ~ L(V,R,Y). O

Theorem 4.4.6. L(cubes, R, %) ~ L(clauses, R, ).

Proof. Follows immediately from Lemma 4.4.5. O]

4.4.3 Strict Succinctness and Incomparability,
by Counterexample

The most straightforward method for showing that one language is not more
succinct than another is to produce a family of utility functions whose represen-
tations grow exponentially in the first language but merely polynomially in the
second language. Here we define two families of utility functions which will be
used repeatedly for demonstrating strict succinctness and incomparability results.

Definition 4.4.7. Let v} and v be th