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Classical Multi-Modal Kripke Models

Prop is a finite set of atomic propositions p, q,r, ...

Ind is a set of indices a,b,c, ... R:Ind — P(W x W)

A
A multi-modal Kripke «frame» F is a pair (W , R)

j weWwW

A «pointed model» is a triple ( F , V |, w )
!

V : Prop — P(W)
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Semantics

LY is the set of all well-formed formulas (wffs) ¢ composed as follows:

¢ = p| =@ (pANQ)|Uad
where p € Prop, a € Ind.

(F,Vw)lFp <= peV(p)
(F,V,w) Ik =¢ <= not (F,V,w) I ¢
(F,V,w) IF (p A1) <= (F,V,w)IF ¢ and (F,V,w) IF ¢
(F,V,w)lF O, ¢ < Va:if R(a)wz then (F,V,x) Ik ¢
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Semantics

(F,V,w) Ik [$¢]y <— V(F V' w')eD:if (F,V,w) 39, (F', V', w'
then (F, V', w') IF 4

def def

Also: 0= —O—¢ and ($) = —[$¢] )
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Fixed-Frame Minimal Revision

O(F,V,V') = {(w,p) € W x Prop | V(p) N {w} # V'(p) N {w}}
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Fixed-Frame Minimal Revision

For all ¢ € LT and pointed models (F,V,w) and (F, V*, w), let
(F,V,w) Y2 (F,V* w) if and only if

1. (F,V* w)l- ¢ and
2. There is no valuation V' for F such that

(a) (F,V',w)lF ¢ and
(b) O(F, V., V") Co(F,V,V*).
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Fixed-Frame Minimal Revision

For all ¢ € LT and pointed models (F,V,w) and (F, V*, w), let
(F,V,w) Y2 (F,V* w) if and only if

1. (F,V* w)l- ¢ and
2. There is no valuation V' for F such that

(a) (F,V',w)lF ¢ and
(b) O(F, V., V") Co(F,V,V*).

L b= pl=¢| (6N | Tud|[t]0
(F,V,w) Ik [t ¢] v < VYV’ :if V' is a valuation function for F
and (F,V,w) 1% (F, V', w) then (F,V’,w) - ¢

Minimal Revision and Classical Kripke Models: First Results - Jonas De Vuyst 4 /14



Example

o)
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Example

-p,—q,T

S(F,V, V) ={(v,p)}:

S(F,V, V") ={(u,p)}:

S(F,V, V") = {(v, )} @ : @
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Properties of [} ¢]

Not a Normal Modal Operator

0 Rule of Necessitation F = F|T¢o|Y

0 K ([Tl = x) = ([To]v — [T9] X))
0 Substitution fails =E((pAq) — [T—plq) but Z((p A p) — [T —p|p)

AGM

0 Success =T ol ¢
[0 Finite Consistency (F,w)E[teo] L = (F,w)F ¢

For all finite pointed models (F,V,w), if a wff ¢ is satisfiable at
(F,w) then there is a pointed model (F,V* w) such that

(F,V,w) 1% (F, V* w).

[0 Extensionality Flo=v) = E([tolx=11vY]x)
0 Special Vacuity F((pAY) = [To] )
Shift Unique and Shift Reflexive =Fltol([Tolv =)
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Generalized Minimal Revision

For all ¢ € £* and all pointed models (F,V,w) and (F*, V*,w*), let

(F,V,w) 19, (F*, V* w*) if and only if there is a valuation V' for F* such
that

1. (F,V,w) < (F*, V' w*) and
2. (FF V! wr) 1O (FF v w).
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Generalized Minimal Revision

L ¢ =plao| (NP |Lag|(10) |10l ] (1) ][1]o
(F,Vw) Ik [T é] Y <= V(F*, V", w*) :if (F*,V*, w*) is a o-model and
(F,V,w) 2% (F* V* w*) then (F*,V*,w*) I,
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Example
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(F,V,w) :

i(<>_'p/\<>p) <.F/,V/,w/> .

(F,V* w' :
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How ﬂ and ﬂ Relate

Fo((T9) ¥ = (1) ¢) and Fo([Lo]v — [T ¢] 1)

For all pointed models (F,V,w) and (F,V*,w) it is the case that if
(F,V,w) 15 (F, V5 w) then (F,V,w) % (F,V*, w).
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How ﬂ and ﬂ Relate

However: (F,V,w) — (F,V* w) == (F,V,w) M(]—“ V* w)

F:

Let V(p) = {v} and V'(p) = {u}. It follows that

1. (F,V,w) < (F, V' w)

2. (F,V,w) 15 (F,V,w)

3. From (2) and (3) it follows that (F,V,w) *s (F, V", w)
However, observe that not (F,V, w) 1 (F, V' w)
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Properties of [I ¢]

Almost a Normal Modal Operator

AGM
0 Success o [T 0] @
[0 Finite D-Consistency Fo o] L = F, ¢

If o includes seriality and if ¢ € L is satisfiable in a finite
o-frame then for all finite pointed o-models (F,V,w) there is a

pointed model (F*,V* w*) such that (F,V,w) 19, (F*, V5 wr).

Extensionality Fo(0=v) = Fo(lIo)x = [1¢]x)
Special Quasi-Vacuity Fo((o ANY) = [To] 1)

Nevertheless, for all pointed models (F,V,w) and (F*, V* w*)

such that (F,V,w) ko ¢ and (F,V,w) 22 (F* V* w*) it is the
case that (F,V,w) < (F*,V* w*).

Shift Quasi-Unique and Shift Reflexive o [T0]([To] Y =)

1 [
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Fo((0Nv) = [Lo] )

At least one instance of ((¢ A w) [;t o)) is satisﬁable
((TA(H(Qap AOCa=D)) T) A= T](1(Cap A Oa—p))

: O @ @
- @w 2

Let V(p) = V'(p) for all p € Prop. It follows that
1. (F,V,w)«< < w')

2. <.7:’,V’,w’> <.7:’,V’, w')

3. From (1), (2): (F,V,w) ~ (F, V', w')

However, observe that

(F,V,w) Ik (1(0ap A Qa—p)) T but (F', V4, w') Wo (1(0ap A Qa—p)) T
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Counting Worlds

How to test whether three or more worlds are accessible from (F,V, w)
over a.

1. Take three incompatible non-modal formulas:
(pAq), (pA—q), (-p A —q).

2. Prefix with a diamond:
CaP N @), Calp A q), Oa(—p A —q)

3. Make it a conjunction:
((Qalp A @) A Qalp A =q)) A Qa(=p A )

4. Test if there’s a valuation function that satisfies the conjunction:

<F7 V. w> IFo <T((<>a(p /\ Cl) A <>a(p N _'q)) A <>a(_'p A _'q))> T
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Characterizing Frame Conditions

Worlds accessible from (F, V,w) over a in n steps are not accessible over a
in m steps if and only if (F,V,w) I, [{ 2 p] [t O —p] O p.t

Iln=0m=1

All o-frames are irreflexive if and only if F, [t p] [T Ua —p] p-

'Here O7 ¢ stands for O, . .. O .
N ——

n
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Bisimilarity Operator

Once more

For all ¢ € £* and all pointed models (F,V,w) and (F*, V*,w*), let

(F,V,w) 19, (F*, V* w*) if and only if there is a valuation V' for F* such
that

1. (F,V,w) < (F*, V' w*) and
2. (FF V! wr) 18 (FX U aw).
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Bisimilarity Operator

Bisimulation operator

(F,V,w) Ik, [&]op <= Y(F V' W) if (F,V,w) < (F,V w')
and F' is a o-frame
then (F', V', w') Ik, ¢

S (10l Y < (2] [T o] ¥)
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