Polyhedral semantics for intermediate logics
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The collection of open subpolyhedra of any compact polyhedron forms a Heyting algebra,
which leads to the polyhedral semantics of intuitionistic propositional calculus IPC [5]. A similar
approach to modal logics was developed in [7]. Precursors of this work are [1], [3] and [2].

In this abstract we investigate polyhedral completeness of intermediate and modal logics.
For the lack of space we will only concentrate on intermediate logics. However, all the results
can be generalized to modal logics above S4.Grz. We will define when a logic is polyhedrally
complete and give a criterion for polyhedral completeness of intermediate logics in terms of
the class of its finite Kripke frames. We will then use this criterion to show that many well-
known intermediate logics (e.g., all stable logics) are polyhedrally incomplete. We will also use
this criterion to give examples of logics that are polyhedrally complete. A full classification of
polyhedrally complete intermediate and modal logics remains an open problem.

Let P be an n-dimensional compact polyhedron. By an open subpolyhedron of P we mean a
subset of P whose complementary subset in P is a compact polyhedron. Under inclusion order,
the poset Sub(P) of all open subpolyhedra of P is a Heyting algebra [5]. For a propositional
formula ¢, we say that P |= ¢ if Sub(P) = ¢ (i.e., ¢ is valid in the Heyting algebra Sub(P)).
For a class P of polyhedra we write P |= ¢ if P |= ¢ for each P € P.

Definition 1. An intermediate logic L is polyhedrally complete if there is a class P of polyhedra
such that for each formula ¢ we have Lt ¢ iff P |= .

It was shown in [5] that IPC and BD,, (the intermediate logic of frames of depth n) are
polyhedrally complete. It was also proved there that Sub(P) is a locally finite Heyting algebra,
which implies that if L is polyhedrally complete then it has the finite model property. Therefore,
the logics that do not have the f.m.p. are not polyhedrally complete. We will now formulate the
criterion of polyhedral completeness. As a key tool, we use a classical notion first introduced
by Alexandrov in the first half of the last century in connection with his studies of posets as
spaces.

Definition 2. The nerve, N(P), of a poset P is the set of all subsets of P which are linearly
ordered (i.e. the set of all chains in P). We order N (P) by subset inclusion C. When P is
rooted, define the rooted nerve, N*(P), of P to be the set of all chains in P containing the root
element, again ordered by subset inclusion.

Theorem 3. An intermediate logic L is polyhedrally complete if and only if there is a class of
finite rooted frames C closed under N* such that Logic(C) = L.

The usefulness of the above theorem is that it provides a characterisation of polyhedrally
complete logics purely in terms of Kripke frames. The results of [5] now follow from this theorem
directly (although the original proof uses the same idea).

Corollary 4. IPC and BD,, for n € w are polyhedrally complete.
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Figure 1: Some examples of starlike trees

Are there further examples of polyhedrally complete logics? The next corollary of Theorem 3
shows that we must search outside the realm of stable logics: a logic L is stable if the class
Frames(L) of all rooted frames of L is closed under onto monotone images [4].

Corollary 5. If L is polyhedrally complete, stable, and of height above 3, then L = IPC.
Therefore, BW,,, BTW,,, LC, and KC are polyhedrally incomplete.

There are continuum many stable logics and all of them have the finite model property.
Thus, there are continuum many logics with the f.m.p. that are not polyhedrally complete.
In fact, one may wonder whether there are any polyhedrally complete logics of infinite height
beyond IPC.

We provide a positive answer, and at the same time take a step towards a classification of
polyhedrally complete logics. For a rooted frame F let x(F) denote the Jankov-Fine formula
of F [6, Chapter 9]. We are interested in logics axiomatised by the Jankov-Fine formulas of a
certain class of frames, called ‘starlike trees’.

Definition 6. A starlike tree is a finite tree (partial order) in which every non-root node has
at most one immediate successor. See Fig. 1 for examples of starlike trees.

Theorem 7. Let X be a collection of starlike trees excluding % °. Then the logic L aziomatised
by IPC plus x(T') for every T € ¥ is polyhedrally complete if and only if it has the finite model

property.

This provides a wide class of polyhedrally complete logics. For instance, Scott’s logic,
SL=IPC+ ((w—p —p) = (pV —p)) — (-pV ——p) is an infinite-height polyhedrally complete

logic. It is well-known that SL = IPC + x (if) and that it has the f.m.p. [6, Chapter 9].

Therefore, Theorem 7 tells us that SL is polyhedrally complete.

Further, if C,, is the linear order on n elements, we have that BD,, = x(Cj,41). It is well-
known that any logic extending BD,, has the f.m.p. [6, Theorem 8.85]. Therefore by Theorem 7,
if ¥ is a collection of starlike trees excluding },°, the logic axiomatised by BD,, plus x(7") for
every T € X is polyhedrally complete. This gives an infinite class of polyhedrally complete
logics of each finite height.

What is the geometric interpretation of x(7') for T a starlike tree? For this, we need a
couple of definitions coming from polyhedral geometry.

Definition 8 (See [8]). A set of points {ag,...,aq} C R" is geometrically independent if for
every tg,...,tq € R whenever:

d
Ztiai =0 and Zti =0
=0 i



Polyhedral Completeness of Intermediate and Modal Logics Adam-Day, Bezhanishvili, Gabelaia and Marra

we must have tg = --- = t4 = 0. The d-simplex on such a set is the collection of all points
x € R™ of the form:

d d
T = Z tia; where Z ti=1and each t; >0
i=0 i=0
Let ny,...,ng, m,...,my be such that when the root is removed from 7', we are left with

a disjoint union of chains, m;-many of height n; for each i, and nothing else. Then if P is a
polyhedron, P E x(T') expresses that for every convex, polyhedral, open neighbourhood of P,
there is no way of removing a d-simplex such that what remains can be partitioned into open
sets

Ct,....Cy,,C},....C} ..., CY, ... CF

such that CJZ has dimension at least a; + d for every i, j.

While this geometric interpretation exists, the proof of Theorem 7 is entirely combinatorial,
making use of the nerve criterion for polyhedral completeness. Indeed, the proof is based on a
method of transforming a finite frame F of L (as in the statement of Theorem 7) into a frame
F’, mapping p-morphically onto F', with the property that (NV*)"(F) E L for every n € N.
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