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In the present research in progress we study logics with linear models originating from
logics weaker than IPC. Logics weaker than IPC are divided into two kinds. One has the
subintuitionistic logics with Kripke models studied by [4, 6]. Those have a basic logic F,
Corsi’s Logic. And one has weaker ones with neighborhood models described in [7, 12]. Their
basic logic is WF. Linear extensions of Visser’s Basic Propositional Logic, BPC, a relatively
strong extension of F, have already been studied by [1, 2, 14]. We mostly consider the weaker
logics with neighborhood models, but have an interest in logics with Kripke models as well.
For us linear will mean transitivity plus connectedness (i.e. in the case of Kripke models,
Vayz (xRy ANxRz) — (y # 2 — yRz V 2Ry))).

The well-known Gédel-Dummett logic LC [9] is an extension of intuitionistic logic IPC with
linear Kripke-models. Its best-known axiomatization over IPC is by £y, (A — B) V (B — A).

Corsi’s logic F and extensions. The logic F is axiomatized by

1.A— AVB 7. ANBVC)—= (AANB)V(ANC)
2.B— AVB 8 (A-B)AN(B—-C)—= (A—=0C)
3. ANB— A 9. (A—-B)AN(A—=C)—- (A= BAC)
4. ANB— B 10 A— A
5 45 11. (A= C)AN(B—C)— (AVB —C)
6. A-4=5 12. 4

B B—A

The axioms 8, 9 and 11 are more descriptively named I, C and D. Corsi [4] proved completeness
for Kripke models with an arbitrary relation R without stipulation of persistence of truth. One
obtains IPC from F by adding

R: AN (A — B) — B (defines and is complete for reflexive Kripke frames)
T:(A— B)—= ((B—C)— (A— C)) (defines and is complete for transitive Kripke frames)
P:p — (T — p) (defines and is complete for persistent Kripke models).

Visser [14] already proved that over BPC=FTP!  £; is not complete with regard to linear
models, but Ly, (A — B)V ((A — B) — A) is, see also [2]. We consider besides £, Lo even
more connectedness schemes, which are equivalent over IPC but often not over weaker systems:

(L3) (A= B)V(A— B)— B)

(Ly) (A—=BVC)—»(A—=>B)V(A—=0)
(Ls5) (

(Le) (

ANB—=C)= (A= C)v(B—=0C)
(A= B)—-B)AN((B—A)— A) - AVB.

1Letter combinations like FTP will always mean that the schemes T and P are added to F.



One can even multiply these by applying rules admissible in IPC; - AV B iff - (A — C)A (B —
C) — C (DR), and, more generally, - D - AV B if - DA(A— C)A (B — C) — C (EDR).

We study these variations and obtain for example that £1, £4 and L5 are equivalent over F.
Moreover, we show that £; plus L3 prove Lo in F, so £; plus L3 is complete for linear models
over BPC. Presently we are extending our investigations to the slightly weaker logic FT which
lacks persistence of truth.We also obtain modal companions for a number of the logics.

Neighborhood models and extensions of the logics WF and WFy. The logic WF can be
obtained by deleting the axioms C, D and | from F, and replacing them by the corresponding
rules like concluding A — BAC from A — B and A — C (see [12]). Neighborhood frames
describing the natural basic system WF were obtained in [12]. The NB-neighborhoods consist of
pairs (X,Y) with the X and Y corresponding to the antecedent and consequent of implications.

Definition 1. § = (W, NB) is called an NB-frame of subintuitionistic logic if W # 0 and
NB: W — P((P(W))?) is such that: Vw € W (X CY = (X,Y) € NB(w)). If M is a model
ong, Mwl-A— Biff (V(A),V(B)) € NB(w).

__ In N-neighborhood frames (also in [12]), closer to the neighborhood frames of modal logic,
X UY corresponds to implications instead of (X,Y’). An additional rule N [5, 7] axiomatizes
them over WF:

A—-BvC C—AVvD ANCAND—-B ANCAB—D (N)
(A— B)+ (C — D)

WEF plus N is denoted as WFy. For extensions of WFy modal companions can often be found.
Again linearity will be the combination of connectedness and transitivity of the neighborhood
frames. But, connectedness as well as transitivity now concerns sets of worlds, not individual
worlds. To make this more perspicuous we write X < Y for (X,Y) € NB(w) (or for XUY €
N(w) in the case of N-frames). Then we can call the frames transitive if, for all w and all
X <,Y Y <, 6 Z wehave X <  Z as well. The formula | defines this property and is
complete for the transitive NB-frames. For the N-frames it is similar. Note also that, since by
definition (X, X) € NB(w) for each X, <,, will always be reflexive. The straightforward,
foral XY e PW)andw e W, X < Y o Y < X,
will be called connected; and is defined by £;. This formula defines a similar property in
N-frames, and is complete for both types of frames. We can see linearity; as the combination
of connectedness; and transitivity of the neighborhood frames. The other L£; define more
complicated connectedness properties and in that way lead to different linearity properties.
We can refine the results on F by discussing in which extensions of WF they are provable.

Proposition 1. The systems WFILy, WFILy and WFIL5 are equivalent.
Proposition 2. WFIL, L3 proves |L,. The opposite direction is open.

We may even add axioms that hitherto only played a role above F in Kripke models for
that purpose. For example, the axiom R which defines reflexivity in Kripke models defines a
property of quasi-reflexivity in neighborhood models.

Definition 1.
F is quasi-reflexive iff for allw € W, if (X,Y) € NB(w) and w € X, then w € Y.

Proposition 3. WFNIRL: IF Ls.



The finite models of WFIL; can be seen as collections of linear orderings on P(W') without
any connection between the different <, and <,. We bring more coherence by adding the
axioms P and T. Note that the transitivity axiom | of F, is distinct from the transitivity axiom
T of IPC. We then get linear models in which the role of conjunction and disjunction is different
than in Kripke models as the following proposition exhibits.

Proposition 4. WFIPTL; does not prove C and does not prove D.

Modal companions. We consider the translation [J from L, the language of propositional
logic, to L, the language of modal propositional logic. It is given by:

P~ =p;

(AAB)Y = AV A BY,

(Av B)Y = A" v BY;

(A— B)P =04 — BD).
This translation was discussed independently by [4] and [8] for subintuitionistic logics with
Kripke models. We investigated it for extensions of WFy in [5, 7]. For example a modal
companion EN of WFy is obtained by adding necessitation to classical modal logic E. Here we
get modal companions for all of the extensions of WFy that we discuss. These modal logics will

have linearity properties as well. For example a modal companion of the logic WFy£L; is ENLy
axiomatized over EN by Ly : O(A — B) vO(B — A).
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