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Talk Qutline

e Introduction to Judgment Aggregation
e A new problem: Safety of the Agenda

e Some Results: Characterisation and Complexity
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The Doctrinal Paradox

Story: three judges have to decide whether the defendant is guilty . ..

p pP—dq q
Judge 1:  Yes  Yes  Yes
Judge 2:  No Yes No
Judge 3:  Yes No No

Majority: Yes  Yes No

Paradox: each individual judgment set is consistent, but the collective

judgment arrived at using the majority rule is not

L.A. Kornhauser and L.G. Sager. The One and the Many: Adjudication in Collegial
Courts. California Law Review, 81(1):1-59, 1993.
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The Model

An agenda @ is a finite nonempty set of propositional formulas (w/o
double negation) closed under complementation: a € ® = ~a € .

A judgment set J on an agenda ® is a subset of ®. We call J:

o complete if « € J or ~av € J for all a € ®
e complement-free if a« & J or ~ax & J for all @ € &
e consistent if there exists an assignment satisfying all o € J

Let 7(P) be the set of all complete and consistent subsets of ®.

Now a finite set of individuals N = {1,...,n} with n > 3 express
judgments on @, giving rise to a profile J = (J1,....J,).

An aggregation procedure for agenda ® and a set of n individuals is a
function mapping a profile of complete and consistent individual

judgment sets to a single collective judgment set: F': 7 (®)" — 2%,
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Axioms
Use axioms to express desiderata for F'. Examples:

Anonymity (A): For any profile J and any permutation 0 : N — N
we have F(J1, ce ey Jn) = F(Jg(l), ce ey Ja(n)).

Neutrality (N): For any ¢, ¥ in the agenda ® and profile J € J(®),
if for all ¢ we have p € J; & ¢ € J;, then p € F(J) & ¢ € F(J).

Independence (I): For any ¢ in the agenda ® and profiles J and J’ in
J(®), if o € J; < ¢ € J! for all i, then ¢ € F(J) < p € F(J).

Systematicity (S) = (N) + (1)

C. List and C. Puppe. Judgment Aggregation: A Survey. Handbook of Rational
and Social Choice. Oxford University Press, 2009.
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More Axioms

Two monotonicity axioms, one for independent rules (inter-profile) and
one for neutral rules (intra-profile):

I-Monotonicity (M'): For any ¢ in the agenda @ and profiles
J=(J1,..., Ji,...,dp)and I = (J1,..., J, ..., Jpn) in T(P),
if o J;and p € J/, then p € F(J) = p € F(J).

N-Monotonicity (MN): For any ¢, in the agenda ® and profile J
in 7(®),ifopeJ; = e J;foralliand ¢ & J and ¢ € J, for
some k, then ¢ € F'(J) = ¢ € F(J).

Remark: only (M') seems to show up in the literature

Weak Rationality (WR): F(J) is complete and complement-free for
all profiles J, and F'(J) includes no contradictions for some J

Remark: the last condition ( “non-nullity” ) is a minor technicality
(always satisfied if ® includes no tautologies) — please ignore
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Safety of the Agenda

Given an agenda ® and a list of axioms AX, let F4|[AX] be the set of
procedures F' : J(®)" — 2% that satisfy all axioms in AX.

An agenda @ is safe wrt. a class of procedures Fg|AX], if F'(J) is
consistent for every F' € Fg|AX] and every J € J(®).

Goal: We want to be able to check the safety of a given agenda for a
given class of procedures (characterised in terms of a set of axioms).

We approach this by proving characterisation results:
all F' € Fg|AX] are consistent < & has such-and-such property
This is similar to possibility results proven in the JA literature:

some F € Fg|AX] is consistent < ® has such-and-such property
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Agenda Properties

Call a set of formulas nontrivially inconsistent if it is inconsistent but
does not contain an inconsistent formula. An agenda @ satisfies

e the median property (MP), if every nontrivially inconsistent
subset of ® has itself an inconsistent subset of size 2.

e the simplified MP (SMP), if every nontrivially inconsistent subset
of @ has itself an inconsistent subset {p, ¥} with = ¢ « —;

e the syntactic SMP (SSMP), if every nontrivially inconsistent
subset of ® has itself an inconsistent subset {p, —p}.

e the k-median property (EMP) for k > 2, if every inconsistent
subset of ® has itself an incons. subset of size < k (2MP=MP);

SSMP = SMP = MP = kMP
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Characterisation Results
Theorem 1 @ js safe for F4|WR,A,S| iff it satisfies the SMP.

Theorem 2 ® js safe for F|WR,A,N| iff it satisfies the SMP and
does not contain a contradictory formula.

Theorem 3 ® js safe for Fo[WR,A,I| iff it satisfies the SSMP.
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Known Characterisation Results

F3[WR,AS M = Fs[WR,A N,MN] includes just a single rule (the
majority rule), so possibility and characterisation theorem coincide.

Now this follows from a result by Nehring and Puppe (2007):
Theorem 4 ® is safe for Fo|WR,A,S,M!] iff it satisfies the MP.
Reformulation of a result by Dietrich and List (2007):

Theorem 5 Let k > 2. ® is safe for the class of uniform quota rules
Fs|A S M) with a quota m s.t. m > n — 7 iff ® satisfies the kMP.

K. Nehring and C. Puppe. The Structure of Strategy-proof Social Choice. Journal
of Economic Theory, 135(1):269-305, 2007.

F. Dietrich and Ch. List. Judgment Aggregation by Quota Rules: Majority Voting
Generalized. Theoretical Politics, 19(4):529-565, 2007.
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Complexity Results

For a given agenda, how hard is it to check safety?

We can use the theory of computational complexity, developed in
Theoretical Computer Science, to make this point precise.

Theorem 6 Checking the safety of the agenda is 115 -complete for any
of the classes of aggregation procedures considered.

Remarks:

e (assuming the polynomial hierarchy does not collapse) this means
that checking safety is harder than NP-complete problems such as
SAT or the Travelling Salesman Problem

e the typical II5-complete problem is SAT for QBFs of the form

\V/xl "'%33/1 "'ys-gp(xla'“ax?“ayla"°7y8)

C.H. Papadimitriou. Computational Complexity. Addison-Wesley, 1994.
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Last Slide

e New problem in JA: Safety of the Agenda

e (Characterisation results for safe agendas for classes of aggregation
procedures induced by natural axioms

o Complexity results showing how hard it is to check safety: second
level of the polynomial hierarchy (probably worse than NP)

e Conclusion: ensuring safety requires simplistic agendas; checking

that those simplistic properties hold is hard (but not impossible)

e Full paper (+ paper on the complexity of winner determination
and strategic manipulation in JA) available from my website:

http://www.illc.uva.nl/"ulle/pubs/
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