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p
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c
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In
tro

d
u
ctio

n
to

C
o
m

p
u
ta

tio
n
a
l
S
o
cia

l
C

h
o
ice

U
lle

E
n
d
riss

In
stitu

te
for

L
ogic,

L
an

gu
age

an
d

C
om

p
u
tation

U
n
iversity

of
A

m
sterd

am

U
lle

E
n
d
ris

s
1

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
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L
e
ctu

re
2

V
otin

g
is

a
cen

tral
top

ic
in

so
cial

ch
oice

th
eory.

T
o
d
ay

w
e

w
ill

b
egin

w
ith

an
in

tro
d
u
ction

to
vo

tin
g

th
eo

ry
:

•
M

an
y

d
iff

eren
t

vo
tin

g
p
roced

u
res,

su
ch

as
th

e
p
lu

rality
ru

le,
th

e

B
ord

a
cou

n
t,

ap
p
roval

votin
g,

sin
gle

tran
sferab

le
vote,

...

•
D

iscu
ssion

of
p
ro

perties
(“ax

iom
s”)

w
e

w
ou

ld
like

to
see

satisfi
ed

an
d

pa
ra

d
o
x
es

gen
erated

b
y

th
ose

p
ro

ced
u
res.

W
e

w
ill

th
en

h
igh

ligh
t

som
e

ap
p
lication

s
of

co
m

p
lex

ity
th

eo
ry

to

votin
g,

e.g.
com

p
lex

ity
as

a
b
arrier

again
st

m
an

ip
u
lation

.

U
lle

E
n
d
ris

s
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
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l
C

h
o
ic

e
E

S
S
L
L
I-2
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V
o
tin

g
R

u
le

s

•
W

e’ll
d
iscu

ss
vo

tin
g

ru
les

for
selectin

g
a

sin
gle

w
in

n
er

from
a

fi
n
ite

set
of

ca
n
d
id

a
tes.

(T
h
e

n
u
m

b
er

of
can

d
id

ates
is

m
.)

•
A

vo
ter

votes
b
y

su
b
m

ittin
g

a
ba

llo
t,

e.g.
th

e
n
am

e
of

a
sin

gle

can
d
id

ate,
a

ran
k
in

g
of

all
can

d
id

ates,
or

som
eth

in
g

else.

•
A

votin
g

ru
le

h
as

to
sp

ecify
w

h
at

m
akes

a
va

lid
ba

llo
t,

an
d

h
ow

th
e

p
referen

ces
ex

p
ressed

v
ia

th
e

b
allots

are
to

b
e

a
ggrega

ted
to

p
ro

d
u
ce

th
e

election
w

in
n
er.

•
A

ll
of

th
e

votin
g

ru
les

to
b
e

d
iscu

ssed
allow

for
th

e
p
ossib

ility

th
at

tw
o

or
m

ore
can

d
id

ates
com

e
ou

t
on

top
(alth

ou
gh

th
is

is

u
n
likely

for
large

n
u
m

b
ers

of
voters).

A
com

p
lete

sy
stem

w
ou

ld

also
h
ave

to
sp

ecify
h
ow

to
d
eal

w
ith

su
ch

ties,
b
u
t

h
ere

w
e

are

goin
g

to
ign

ore
th

e
issu

e
of

tie-brea
kin

g
.

U
lle

E
n
d
ris

s
3

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

P
lu

ra
lity

R
u
le

U
n
d
er

th
e

p
lu

ra
lity

ru
le

(a.k
.a.

sim
p
le

m
a
jo

rity
),

each
voter

su
b
m

its
a

b
allot

sh
ow

in
g

th
e

n
am

e
of

on
e

of
th

e
can

d
id

ates

stan
d
in

g.
T

h
e

can
d
id

ate
receiv

in
g

th
e

m
ost

votes
w

in
s.

T
h
is

is
th

e
m

ost
w

id
ely

u
sed

votin
g

ru
le

in
p
ractice.

If
th

ere
are

on
ly

tw
o

can
d
id

ates,
th

en
it

is
a

very
go

o
d

ru
le.

H
ow

ever,
for

m
ore

th
an

tw
o

can
d
id

ate
th

ere
are

som
e

p
rob

lem
s:

•
T

h
e

in
form

ation
on

voter
p
referen

ces
oth

er
th

an
w

h
o

th
eir

favou
rite

can
d
id

ate
is

gets
ign

ored
.

•
E

n
cou

rages
voters

n
ot

to
vote

for
th

eir
tru

e
favou

rite,
if

th
at

can
d
id

ate
is

p
erceived

to
h
ave

little
ch

an
ce

of
w

in
n
in

g.

U
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s
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o
m

p
u
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o
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e
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0
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P
lu

ra
lity

w
ith

R
u
n
-O

ff

In
th

e
p
lu

ra
lity

ru
le

w
ith

ru
n
-o

ff
,
fi
rst

each
voter

votes
for

on
e

can
d
id

ate.
T

h
e

w
in

n
er

is
elected

in
a

secon
d

rou
n
d

b
y

u
sin

g
th

e

p
lu

rality
ru

le
w

ith
th

e
tw

o
top

can
d
id

ates
from

th
e

fi
rst

rou
n
d
.

U
sed

to
elect

th
e

p
resid

en
t

in
F
ran

ce
(an

d
h
eav

ily
criticised

after

L
e

P
en

cam
e

in
secon

d
in

th
e

fi
rst

rou
n
d

in
2002).

U
lle

E
n
d
ris

s
5

C
o
m

p
u
ta

tio
n
a
l
S
o
c
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l
C

h
o
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e
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S
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M
o
n
o
to

n
icity

W
e

w
ou

ld
like

a
votin

g
ru

le
to

satisfy
m

o
n
o
to

n
icity

:
if

a
p
articu

lar

can
d
id

ate
w

in
s

an
d

a
voter

raises
th

at
can

d
id

ate
in

th
eir

b
allot,

th
en

th
at

can
d
id

ate
sh

ou
ld

still
w

in
.

T
h
e

w
in

n
er-tu

rn
s-lo

ser
pa

ra
d
o
x

sh
ow

s
th

at
p
lu

rality
w

ith
ru

n
-off

d
o
es

n
o
t

satisfy
m

on
oton

icity
:

27
voters:

A
≻

B
≻

C

42
voters:

C
≻

A
≻

B

24
voters:

B
≻

C
≻

A

B
gets

elim
in

ated
in

th
e

fi
rst

rou
n
d

an
d

C
b
eats

A
66:27

in
th

e

ru
n
-off

.
B

u
t

if
4

of
th

e
voters

from
th

e
fi
rst

grou
p

ra
ise

C
to

th
e

to
p

(i.e.
join

th
e

secon
d

grou
p
),

th
en

B
w

ill
w

in
.

U
lle

E
n
d
ris

s
6

C
o
m

p
u
ta

tio
n
a
l
S
o
c
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l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
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A
n
o
n
y
m

ity
a
n
d

N
e
u
tra

lity

O
n

th
e

p
ositive

sid
e,

b
oth

varian
ts

of
th

e
p
lu

rality
ru

le
(like

m
ost

oth
er

ru
les)

satisfy
th

ese
tw

o
im

p
ortan

t
p
rop

erties:

•
A

n
o
n
y
m

ity
:

A
votin

g
ru

le
is

an
on

y
m

ou
s

if
it

treats
all

vo
ters

th
e

sam
e

—
if

tw
o

voters
sw

itch
b
allots

th
e

election
ou

tcom
e

d
o
es

n
ot

ch
an

ge.

•
N

eu
tra

lity
:

A
votin

g
ru

le
is

n
eu

tral
if

it
treats

all
ca

n
d
id

a
tes

th
e

sam
e

—
if

th
e

election
w

in
n
er

sw
itch

es
n
am

es
w

ith
som

e

oth
er

can
d
id

ate,
th

en
th

at
oth

er
can

d
id

ate
w

ill
w

in
.

O
ften

th
e

tie-brea
kin

g
ru

le
can

b
e

th
e

sou
rce

of
v
iolation

of
eith

er

an
on

y
m

ity
(e.g.

if
on

e
voter

h
as

th
e

p
ow

er
to

b
reak

ties)
or

n
eu

trality
(e.g.

if
th

e
in

cu
m

b
en

t
w

in
s

in
case

of
a

tie).

U
lle

E
n
d
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s
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C
o
m

p
u
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o
c
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l
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M
a
y
’s

T
h
e
o
re

m

A
s

m
en

tion
ed

b
efore,

if
th

ere
are

on
ly

tw
o

can
d
id

ates,
th

en
th

e

p
lu

rality
ru

le
is

a
p
retty

go
o
d

ru
le

to
u
se.

S
p
ecifi

cally
:

T
h
e
o
re

m
1

(M
a
y
,
1
9
5
2
)

F
o
r

tw
o

ca
n
d
id

a
tes,

a
vo

tin
g

ru
le

is

a
n
o
n
y
m

o
u
s,

n
eu

tra
l,

a
n
d

m
o
n
o
to

n
ic

iff
it

is
th

e
p
lu

ra
lity

ru
le.

R
em

ark
:

In
th

ese
slid

es
w

e
assu

m
e

th
at

th
ere

are
n
o

ties,
b
u
t

M
ay

’s
T

h
eorem

also
w

ork
s

for
an

ap
p
rop

riate
d
efi

n
ition

of

m
on

oton
icity

w
h
en

ties
are

p
ossib

le.

K
.O

.
M

a
y.

A
S
et

o
f
In

d
ep

en
d
en

t
N

ecessa
ry

a
n
d

S
u
ffi

cien
t
C

o
n
d
itio

n
s
fo

r
S
im

p
le

M
a
jo

rity
D

ecisio
n
s.

E
co

n
o
m

e
trica

,
2
0
(4

):6
8
0
–
6
8
4
,
1
9
5
2
.

U
lle

E
n
d
ris

s
8



C
o
m

p
u
ta

tio
n
a
l
S
o
c
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l
C

h
o
ic

e
E

S
S
L
L
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0
0
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P
ro

o
f
S
k
e
tch

C
learly,

p
lu

rality
d
o
es

satisfy
all

th
ree

p
rop

erties.
X

N
ow

for
th

e
oth

er
d
irection

:

F
or

sim
p
licity,

assu
m

e
th

e
n
u
m

b
er

of
voters

is
o
d
d

(n
o

ties).

A
n
on

y
m

ity
an

d
n
eu

trality
;

on
ly

n
u
m

b
er

of
votes

m
atters.

D
en

ote
as

A
th

e
set

of
voters

votin
g

for
can

d
id

ate
a

an
d

as
B

th
ose

votin
g

for
b.

D
istin

gu
ish

tw
o

cases:

•
W

h
en

ever
|A

|
=

|B
|+

1
th

en
a

w
in

s.
T

h
en

,
b
y

m
on

oton
icity,

a

w
in

s
w

h
en

ever
|A

|
>

|B
|
(th

at
is,

w
e

h
ave

p
lu

rality
).

X

•
T

h
ere

ex
ist

A
,
B

w
ith

|A
|
=

|B
|+

1
b
u
t

b
w

in
s.

N
ow

su
p
p
ose

on
e

a
-voter

sw
itch

es
to

b.
B

y
m

on
oton

icity,
b

still
w

in
s.

B
u
t

n
ow

|B
′|

=
|A

′|+
1,

w
h
ich

is
sy

m
m

etric
to

th
e

earlier
situ

ation
,

so
b
y

n
eu

trality
a

sh
ou

ld
w

in
;

con
trad

iction
.

X

U
lle

E
n
d
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s
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p
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c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

B
o
rd

a
R

u
le

U
n
d
er

th
e

votin
g

ru
le

p
rop

osed
b
y

J
ean

-C
h
arles

d
e

B
ord

a,
each

voter
su

b
m

its
a

com
p
lete

ran
k
in

g
of

all
th

e
m

can
d
id

ates.

F
or

each
voter

th
at

p
laces

a
can

d
id

ate
fi
rst,

th
at

can
d
id

ate
receives

m
−

1
p
oin

ts,
for

each
voter

th
at

p
laces

h
er

2n
d

sh
e

receives
m
−

2

p
oin

ts,
an

d
so

forth
.

T
h
e

B
o
rd

a
co

u
n
t

is
th

e
su

m
of

all
th

e
p
oin

ts.

T
h
e

can
d
id

ate
w

ith
th

e
h
igh

est
B

ord
a

cou
n
t

w
in

s.

J
.-C

.
d
e

B
o
rd

a
.

M
é
m

o
ire

su
r

le
s

é
lec

tio
n
s

a
u

sc
ru

tin
.

H
isto

ire
d
e

l’A
ca

d
ém

ie

R
o
y
a
le

d
es

S
cien

ces,
P
a
ris,

1
7
8
1
.

U
lle

E
n
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ris

s
1
0

C
o
m

p
u
ta

tio
n
a
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S
o
c
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l
C

h
o
ic

e
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S
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0
0
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P
o
sitio

n
a
l
S
co

rin
g

R
u
le

s

W
e

can
gen

eralise
th

e
id

ea
u
n
d
erly

in
g

th
e

B
ord

a
cou

n
t

as
follow

s:

L
et

m
b
e

th
e

n
u
m

b
er

of
can

d
id

ates.
A

po
sitio

n
a
l
sco

rin
g

ru
le

is

given
b
y

a
sco

rin
g

vecto
r

s
=

〈s
1 ,...,s

m
〉

w
ith

s
1
≥

s
2
≥

···
≥

s
m

.

E
ach

voter
su

b
m

its
a

ran
k
in

g
of

all
can

d
id

ates.
E

ach
can

d
id

ate

receives
s

i
p
oin

ts
for

every
voter

p
u
ttin

g
h
er

at
th

e
ith

p
osition

.

T
h
e

can
d
id

ate
w

ith
th

e
h
igh

est
score

(su
m

of
p
oin

ts)
w

in
s.

•
T

h
e

B
o
rd

a
ru

le
is

is
th

e
p
osition

al
scorin

g
ru

le
w

ith
th

e
scorin

g

vector
〈m

−
1
,m

−
2
,...,0〉.

•
T

h
e

p
lu

ra
lity

ru
le

is
th

e
p
osition

al
scorin

g
ru

le
w

ith
th

e
scorin

g

vector
〈1

,0
,...,0〉.
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lle
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C
o
m

p
u
ta
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n
a
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S
o
c
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l
C

h
o
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e
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S
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C
o
n
d
o
rce

t
P

rin
cip

le

R
ecall

th
e

C
on

d
orcet

p
arad

ox
:

V
oter

1:
A

≻
B

≻
C

V
oter

2:
B

≻
C

≻
A

V
oter

3:
C

≻
A

≻
B

A
m

a
jority

p
refers

A
over

B
an

d
a

m
a
jority

also
p
refers

B
over

C
,

b
u
t

th
en

again
a

m
a
jority

p
refers

C
over

A
.

H
en

ce,
n
o

sin
gle

can
d
id

ate
w

ou
ld

b
eat

an
y

oth
er

can
d
id

ate
in

p
airw

ise
con

tests.

In
cases

w
h
ere

th
ere

is
su

ch
a

can
d
id

ate
b
eatin

g
everyon

e
else

in
a

p
airw

ise
m

a
jority

con
test,

w
e

call
h
er

th
e

C
o
n
d
o
rcet

w
in

n
er

.

O
b
serve

th
at

if
th

ere
is

a
C

on
d
orcet

w
in

n
er,

th
en

it
m

u
st

b
e

u
n
iq

u
e.

A
votin

g
ru

le
satisfi

es
th

e
C

o
n
d
o
rcet

p
rin

cip
le

if
it

elects
th

e

C
on

d
orcet

w
in

n
er

w
h
en

ever
th

ere
is

on
e.

U
lle

E
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d
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1
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
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l
C

h
o
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e
E

S
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L
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0
0
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P
o
sitio

n
a
l
S
co

rin
g

v
io

la
te

s
C

o
n
d
o
rce

t

C
on

sid
er

th
e

follow
in

g
ex

am
p
le:

3
voters:

A
≻

B
≻

C

2
voters:

B
≻

C
≻

A

1
voter:

B
≻

A
≻

C

1
voter:

C
≻

A
≻

B

A
is

th
e

C
o
n
d
o
rcet

w
in

n
er

;
sh

e
b
eats

b
oth

B
an

d
C

4:3.
B

u
t

an
y

po
sitio

n
a
l
sco

rin
g

ru
le

assign
in

g
strictly

m
ore

p
oin

ts
to

a
can

d
id

ate

p
laced

2n
d

th
an

to
a

can
d
id

ate
p
laced

3rd
(s

2
>

s
3 )

m
akes

B
w

in
:

A
:

3
·
s
1

+
2
·
s
2

+
2
·
s
3

B
:

3
·
s
1

+
3
·
s
2

+
1
·
s
3

C
:

1
·
s
1

+
2
·
s
2

+
4
·
s
3

T
h
is

sh
ow

s
th

at
n
o

po
sitio

n
a
l
sco

rin
g

ru
le

(w
ith

a
strictly

d
escen

d
in

g
scorin

g
vector)

w
ill

satisfy
th

e
C

o
n
d
o
rcet

p
rin

cip
le

.

U
lle

E
n
d
ris

s
1
3

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

C
o
p
e
la

n
d

R
u
le

T
h
e

C
o
pela

n
d

ru
le

is
d
efi

n
ed

as
follow

s:

•
C

om
p
u
te

th
e

C
o
pela

n
d

sco
re

of
each

can
d
id

ate
C

b
y

aw
ard

in
g

1
p
oin

t
to

C
for

every
p
airw

ise
m

a
jority

con
test

w
on

an
d

12

p
oin

ts
for

every
d
raw

.

•
T

h
e

can
d
id

ate
w

ith
th

e
h
igh

est
C

op
elan

d
score

is
th

e
w

in
n
er.

C
learly,

C
op

elan
d

d
o
es

satisfy
th

e
C

on
d
orcet

p
rin

cip
le.

M
an

y
m

ore
su

ch
C

o
n
d
o
rcet-co

n
sisten

t
votin

g
ru

les
h
ave

b
een

p
rop

osed
in

th
e

literatu
re,

each
tak

in
g

a
d
iff

eren
t

slan
t

on
w

h
at

it

m
ean

s
to

b
e

th
e

can
d
id

ate
closest

to
b
ein

g
a

C
on

d
orcet

w
in

n
er.

A
.H

.
C

o
p
ela

n
d
.

A
‘R

ea
so

n
a
b
le

’
S
o
c
ia

l
W

e
lfa

re
F
u
n
c
tio

n
.

S
em

in
a
r

o
n

M
a
th

e-

m
a
tics

in
S
o
cia

l
S
cien

ces,
U

n
iv

ersity
o
f
M

ich
ig

a
n
,
1
9
5
1
.

U
lle

E
n
d
ris

s
1
4

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

A
p
p
ro

v
a
l
V

o
tin

g

In
a
p
p
ro

va
l
vo

tin
g
,
a

b
allot

m
ay

con
sist

of
an

y
su

b
set

of
th

e
set

of

can
d
id

ates.
T

h
ese

are
th

e
can

d
id

ates
th

e
voter

ap
p
roves

of.
T

h
e

can
d
id

ate
receiv

in
g

th
e

m
ost

ap
p
rovals

w
in

s.

In
tu

itive
ad

van
tages

of
ap

p
roval

votin
g

in
clu

d
e:

•
N

o
n
eed

n
o
t

to
vote

for
a

p
referred

can
d
id

ate
for

strategic

reason
s,

w
h
en

th
at

can
d
id

ate
h
as

a
slim

ch
an

ce
of

w
in

n
in

g.

•
F
orm

of
b
allotin

g
seem

s
like

a
go

o
d

com
p
rom

ise
b
etw

een

p
lu

rality
(to

o
sim

p
le)

an
d

B
ord

a
(to

o
com

p
lex

).

A
p
p
roval

votin
g

h
as

b
een

u
sed

b
y

several
p
rofession

al
so

cieties,

su
ch

as
th

e
A

m
erican

M
ath

em
atical

S
o
ciety

(A
M

S
).

S
.J

.
B

ra
m

s
a
n
d

P
.C

.
F
ish

b
u
rn

.
A

p
p
ro

v
a
l

V
o
tin

g
.

T
h
e

A
m

e
rica

n
P
o
litica

l

S
c
ie

n
ce

R
e
v
ie

w
7
2
(3

):8
3
1
-8

4
7
,
1
9
7
8
.

U
lle

E
n
d
ris

s
1
5

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

S
in

g
le

T
ra

n
sfe

ra
b
le

V
o
te

(S
T

V
)

A
lso

k
n
ow

n
as

th
e

H
a
re

sy
stem

.
T
o

select
a

sin
gle

w
in

n
er,

voters

ran
k

all
can

d
id

ates,
an

d
w

e
rep

eat
u
n
til

th
ere

is
a

w
in

n
er:

•
If

on
e

of
th

e
can

d
id

ates
is

th
e

1st
ch

oice
for

over
50%

of
th

e

voters
( qu

o
ta

),
sh

e
w

in
s.

•
O

th
erw

ise,
th

e
can

d
id

ate
w

h
o

is
ran

ked
1st

b
y

th
e

few
est

voters
(th

e
p
lu

ra
lity

lo
ser

)
gets

elim
in

a
ted

from
th

e
race.

•
V

otes
for

elim
in

ated
can

d
id

ates
get

tra
n
sferred

:
d
elete

rem
oved

can
d
id

ates
from

b
allots

an
d

“sh
ift”

ran
k
in

gs
(e.g.

if
you

r
1st

ch
oice

got
elim

in
ated

,
th

en
you

r
2n

d
ch

oice
b
ecom

es
1st).

In
p
ractice,

voters
n
eed

n
ot

b
e

req
u
ired

to
ran

k
all

can
d
id

ates

(n
on

-ran
ked

can
d
id

ates
are

assu
m

ed
to

b
e

ran
ked

low
est).

S
T

V
is

u
sed

in
several

cou
n
tries

(e.g.
A

u
stralia,

N
ew

Z
ealan

d
,
...).

T
h
.
H

a
re.

T
h
e

M
a
c
h
in

e
ry

o
f
R
e
p
re

se
n
ta

tio
n
.

1
8
5
7
.

U
lle

E
n
d
ris

s
1
6



C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

M
a
n
ip

u
la

tio
n
:

P
lu

ra
lity

R
u
le

S
u
p
p
ose

th
e

p
lu

ra
lity

ru
le

(as
in

m
ost

real-w
orld

situ
ation

s)
is

u
sed

to
d
ecid

e
th

e
ou

tcom
e

of
an

election
.

R
ecall

th
e

F
lorid

a
situ

ation
:

49%
:

B
u
sh

≻
G

ore
≻

N
ad

er

20%
:

G
ore

≻
N

ad
er

≻
B

u
sh

20%
:

G
ore

≻
B

u
sh

≻
N

ad
er

11%
:

N
ad

er
≻

G
ore

≻
B

u
sh

B
u
sh

w
ill

w
in

th
e

p
lu

rality
con

test.

It
w

ou
ld

h
ave

b
een

in
th

e
in

terest
of

th
e

N
ad

er
su

p
p
orters

to

m
a
n
ip

u
la

te
,
i.e.

to
m

isrep
resen

t
th

eir
p
referen

ces.

U
lle

E
n
d
ris

s
1
7

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

G
ib

b
a
rd

-S
a
tte

rth
w

a
ite

T
h
e
o
re

m

T
h
e

G
ib

b
ard

-S
atterth

w
aite

T
h
eorem

is
w

id
ely

regard
ed

as
th

e

cen
tral

resu
lt

in
votin

g
th

eory.
B

road
ly,

it
states

th
at

th
ere

can
b
e

n
o

“reason
ab

le”
votin

g
ru

le
th

at
w

ou
ld

n
ot

b
e

m
an

ip
u
lab

le.

O
u
r

form
al

statem
en

t
of

th
e

th
eorem

follow
s

B
arb

erà
(1983).

W
e

w
on

’t
p
rove

it
h
ere.

A
p
ro

of
th

at
is

sim
ilar

to
th

e
on

e
w

e
h
ave

d
iscu

ssed
for

A
rrow

’s
T

h
eorem

is
given

b
y

B
en

ôıt
(2000).

A
.
G

ib
b
a
rd

.
M

a
n
ip

u
la

tio
n

o
f
V

o
tin

g
S
ch

em
es:

A
G

en
era

l
R

esu
lt.

E
co

n
o
m

e
t-

rica
,
4
1
(4

):5
8
7
–
6
0
1
,
1
9
7
3
.

M
.A

.
S
a
tterth

w
a
ite.

S
tra

teg
y
-p

ro
o
fn

ess
a
n
d

A
rro

w
’s

C
o
n
d
itio

n
s.

J
o
u
rn

a
l
o
f

E
co

n
o
m

ic
T

h
eo

ry
,
1
0
:1

8
7
–
2
1
7
,
1
9
7
5
.

S
.

B
a
rb

erà
.

S
tra

teg
y
-p

ro
o
fn

ess
a
n
d

P
iv

o
ta

l
V

o
ters:

A
D

irect
P

ro
o
f

o
f

th
e

G
ib

b
a
rd

-S
a
tterth

w
a
ite

T
h
eo

rem
.
In

tl.
E
co

n
o
m

ic
R
e
v
ie

w
,
2
4
(2

):4
1
3
–
4
1
7
,
1
9
8
3
.

J
.-P

.
B

en
ô
ıt.

T
h
e

G
ib

b
a
rd

-S
a
tterth

w
a
ite

T
h
eo

rem
:

A
S
im

p
le

P
ro

o
f.

E
co

n
o
m

ic

L
e
tte

rs,
6
9
:3

1
9
–
3
2
2
,
2
0
0
0
.

U
lle

E
n
d
ris

s
1
8

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

S
e
ttin

g
a
n
d

N
o
ta

tio
n

•
F
in

ite
set

A
of

ca
n
d
id

a
tes

(altern
atives);

fi
n
ite

set
I

=
{1

,...,n
}

of
vo

ters
(in

d
iv

id
u
als).

•
A

p
referen

ce
o
rd

erin
g

is
a

strict
lin

ear
ord

er
on

A
.

T
h
e

set
of

all
su

ch
ord

erin
gs

is
d
en

oted
P

.
E

ach
voter

i
h
as

an
in

d
ivid

u
a
l

p
referen

ce
ord

erin
g

P
i .

A
p
referen

ce
p
ro

fi
le

〈P
1 ,...,P

n
〉
∈
P

n

con
sists

of
a

p
referen

ce
ord

erin
g

for
each

voter.

•
T

h
e

to
p

ca
n
d
id

a
te

to
p
(P

)
of

a
p
referen

ce
ord

erin
g

P
is

d
efi

n
ed

as
th

e
u
n
iq

u
e

x
∈

A
su

ch
th

at
x
P

y
for

all
y
∈

A
\
{
x
}.

•
W

e
w

rite
(
P

−
i ,P

′)
for

th
e

p
referen

ce
p
rofi

le
w

e
ob

tain
w

h
en

w
e

rep
la

ce
P

i
b
y

P
′
in

th
e

p
referen

ce
p
rofi

le
P

.

•
A

vo
tin

g
ru

le
is

a
fu

n
ction

f
:
P

n
→

A
m

ap
p
in

g
p
referen

ce

p
rofi

les
to

w
in

n
in

g
can

d
id

ates
(so

th
e

P
i
are

u
sed

as
b
allots).

U
lle

E
n
d
ris

s
1
9

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

S
ta

te
m

e
n
t

o
f
th

e
T

h
e
o
re

m

A
votin

g
ru

le
f

is
d
icta

to
ria

l
if

th
e

w
in

n
er

is
alw

ay
s

th
e

top

can
d
id

ate
of

a
p
articu

lar
voter

(th
e

d
ictator):

(∃
i
∈

I
)(∀

P
∈
P

n
)[f

(
P

)
=

to
p
(P

i )]

A
votin

g
ru

le
f

is
m

a
n
ip

u
la

ble
if

it
m

ay
give

a
voter

an
in

cen
tive

to

m
isrep

resen
t

th
eir

p
referen

ces:

(∃
P

∈
P

n
)(∃

P
′
∈
P

)(∃
i
∈

I
)[f

(
P

−
i ,P

′)
P

i
f
(
P

)]

A
votin

g
ru

le
th

at
is

n
ot

m
an

ip
u
lab

le
is

also
called

stra
tegy

-p
roo

f
.

T
h
e
o
re

m
2

(G
ib

b
a
rd

-S
a
tte

rth
w

a
ite

)
If

|A
|
>

2
,
th

en
every

vo
tin

g
ru

le
m

u
st

be
eith

er
d
icta

to
ria

l
o
r

m
a
n
ip

u
la

ble.

U
lle

E
n
d
ris

s
2
0

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

C
o
m

p
le

x
ity

a
s

a
B

a
rrie

r
a
g
a
in

st
M

a
n
ip

u
la

tio
n

T
h
e

G
ib

b
ard

-S
atterth

w
aite

T
h
eorem

sh
ow

s
th

at
m

an
ip

u
lation

is

alw
ay

s
p
ossib

le.
B

u
t

h
ow

h
ard

is
it

to
fi
n
d

a
m

an
ip

u
latin

g
b
allot?

T
h
e

sem
in

al
p
ap

er
b
y

B
arth

old
i,

T
ovey

an
d

T
rick

(1989)
starts

b
y

sh
ow

in
g

th
at

m
an

ip
u
lation

is
in

fact
ea

sy
for

a
ran

ge
of

com
m

on
ly

u
sed

votin
g

ru
les,

an
d

th
en

p
resen

ts
on

e
sy

stem
(a

varian
t

of
th

e

C
op

elan
d

ru
le)

for
w

h
ich

m
an

ip
u
lation

is
N

P
-com

p
lete.

N
ex

t:

•
W

e
fi
rst

p
resen

t
a

cou
p
le

of
th

ese
easin

ess
resu

lts,
n
am

ely
fo

r

p
lu

ra
lity

vo
tin

g
an

d
for

th
e

B
o
rd

a
co

u
n
t.

•
W

e
th

en
p
resen

t
a

resu
lt

from
a

follow
-u

p
p
ap

er
b
y

B
arth

old
i

an
d

O
rlin

(1991):
th

e
m

an
ip

u
lation

of
S
T

V
is

N
P
-co

m
p
lete

.

J
.J

.
B

a
rth

o
ld

i
III,

C
.A

.
T
o
v
ey,

a
n
d

M
.A

.
T
rick

.
T

h
e

C
o
m

p
u
ta

tio
n
a
l
D

iffi
cu

lty

o
f
M

a
n
ip

u
la

tin
g

a
n

E
lectio

n
.
S
o
c
.
C

h
o
ice

a
n
d

W
e
lfa

re,
6
(3

):2
2
7
–
2
4
1
,
1
9
8
9
.

J
.J

.
B

a
rth

o
ld

i
III

a
n
d

J
.B

.
O

rlin
.

S
in

g
le

T
ra

n
sfera

b
le

V
o
te

R
esists

S
tra

teg
ic

V
o
tin

g
.
S
o
c
ia

l
C

h
o
ice

a
n
d

W
e
lfa

re,
8
(4

):3
4
1
–
3
5
4
,
1
9
9
1
.

U
lle

E
n
d
ris

s
2
1

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

M
a
n
ip

u
la

b
ility

a
s

a
D

e
cisio

n
P

ro
b
le

m

W
e

can
cast

th
e

p
rob

lem
of

m
an

ip
u
lab

ility,
for

a
p
articu

lar
votin

g

ru
le

f
,
as

a
d
ecision

p
rob

lem
:

M
a
n
ip

u
l
a
b
il

it
y
(f

)

In
s
t
a
n
c
e
:

S
e
t

o
f
b
a
llo

ts
fo

r
a
ll

b
u
t

o
n
e

v
o
te

r;
c
a
n
d
id

a
te

C
.

Q
u
e
s
t
io

n
:
Is

th
e
re

a
b
a
llo

t
fo

r
th

e
fi
n
a
l
v
o
te

r
su

ch
th

a
t

C
w

in
s?

W
e

w
ill

b
e

in
terested

in
th

e
com

p
u
tation

al
com

p
lex

ity
of

th
is

p
rob

lem
in

term
s

of
th

e
n
u
m

ber
o
f
ca

n
d
id

a
tes.

If
th

e
M

a
n
ip

u
l
a
b
il

it
y
(f

)
is

com
p
u
tation

ally
in

tractab
le,

th
en

m
an

ip
u
lab

ility
m

ay
b
e

con
sid

ered
less

of
a

w
orry

for
votin

g
ru

le
f
.

U
lle

E
n
d
ris

s
2
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

M
a
n
ip

u
la

tin
g

th
e

P
lu

ra
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